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Abstract 

The Banach Poisson geometry of multi-diagonal Hamiltonian systems having infinitely many integrals 
in involution is studied. It is shown that these systems can be considered as generalizing the semi-infinite 
Toda lattice which is an example of a bidiagonal system, a case to which special attention is given. 
The generic coadjoint orbits of the Banach Lie group of bidiagonal bounded operators are studied. It is 
shown that the infinite dimensional generalization of the Flaschka map is a momentum map. Action-angle 
variables for the Toda system are constructed. 
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1 Introduction 

Many important conservative systems have a Hamiltonian formulation in terms of Lie-Poisson brackets. With 
few notable exceptions, such as the Euler, Poisson- Vlasov, KdV, or sine-Gordon equations, for example, for 
infinite dimensional systems this Lie-Poisson bracket formulation is mostly formal. It is our belief that these 
formal approaches can be given a solid functional analytic underpinning. The present paper formulates such 
an approach for various generalizations of the semi-infinite Toda lattice. It raises fundamental issues about 
the nature of coadjoint orbits for the Banach Lie groups having only a finite number of non-zero upper 
diagonals and it poses questions about the integrability of certain generalizations of the Toda lattice in 
infinite dimensions by providing a functional analytic framework in which these problems can be rigorously 
formulated. The background of the present work is [20] where the theory of Banach Lie-Poisson spaces was 
developed. 
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The paper is organized as follows. The first two sections develop the theoretical background for the 
constructions carried out later. Section [2] presents the general theory of induced and coinduced Banach 
Lie-Poisson structures and derives the analogue of the classical Adler-Kostant-Symes involution theorem 
pi 1121 from this point of view in the infinite dimensional context. Section [3] introduces the notion of 
a momentum map for weak symplectic Banach manifolds and presents the abstract symplectic induction 
method in infinite dimensions. 

The next two sections concentrate of the Banach Lie-Poisson geometry of several spaces of trace class 
operators on a real separable Hilbert space. The general constructions of Section 2 are implemented explicitly 
on these spaces in Sectional The multi-diagonal Banach Lie group, its Lie algebra, and its dual are introduced 
and studied. The naturally induced and coinduced Poisson structures on the preduals of their Banach Lie 
algebras are presented. Section [5] formulates the equations of motion induced by the Casimir functions of 
the Banach Lie-Poisson space of trace class operators relative to the various induced and coinduced Poisson 
brackets discussed previously. 

Starting with Section [5] the emphasis is on the important particular case of bidiagonal operators, that 
is, operators having all entries equal to zero with the possible exception of those on the main and upper 
k diagonal. The Banach Lie group of upper bidiagonal bounded operators is studied in detail and the 
topological and symplectic structure of the generic coadjoint orbit is presented. The Banach space analogue 
of the Flaschka map is analyzed and its relationship to the coadjoint orbits is pointed out. There are new, 
typical infinite dimensional, phenomena that appear in this context. For example, the Banach space of trace 
zero lower bidiagonal trace class operators does not form a single coadjoint orbit and there are non-algebraic 
invariants for the coadjoint orbits. 

Section [7] uses the method of symplectic induction developed Section [3] to derive explicit formulas that 
are used for the concrete case of the bidiagonal Banach Lie group. A generalization of the Flaschka map 
introduced in the previous section is presented. This is a Poisson map whose range is the weak symplectic 
manifold {£°°)''~^ x {£^)'^~^, endowed with a non-canonical weak symplectic form. Systems with an infinite 
number of integrals in involution are also introduced in this section. As an example of the theory, the semi- 
infinite Toda lattice is solved in Section [8] using the method of orthogonal polynomials first introduced, to 
our knowledge, in The explicit solution of this system is obtained, both in action-angle as well as in the 
original variables, thereby extending the formulas in [17] from the finite to the semi-infinite Toda lattice. 

Conventions. In this paper all Banach manifolds and Lie groups are real. The definition of the notion of 
a Banach Lie subgroup follows Bourbaki [5], that is, a subgroup iJ of a Banach Lie group G is necessarily a 
submanifold (and not just injectively immersed). In particular, Banach Lie subgroups are necessarily closed. 

2 Induced and coinduced Banach Lie-Poisson spaces 

In this section we quickly review some material from [20 and present some constructions that are necessary 
for the development of the ideas in the rest of the paper. 

Preliminaries. Let us recall how a given Banach Lie-Poisson structure induces and coinduces similar 
structures on other Banach spaces. All the proofs of the statements below can be found in [20]. Throughout 
this paper, unless specified otherwise, all objects are over R. 

A Banach Lie algebra (g, [•, •]) is a Banach space g that is also a Lie algebra such that the Lie bracket 
is a bilinear continuous map Q x g q. Thus the adjoint and coadjoint maps ad^; : — > 0, ad^^ y := [a;,?/], 
and ad* : 0* — > 0* are also continuous for each x E g. Here 0* denotes the dual of 0, that is, the Banach 
space of all linear continuous functionals on 0. 

A Banach Lie-Poisson space (b, {•, •}) is defined to be a real Poisson manifold such that b is a Banach 
space and the dual b* C C°°(b) is a Banach Lie algebra under the Poisson bracket operation. We need to 
explain what does it mean for b to be a Banach Poisson manifold. The Poisson bracket induces the derivation 
h ^ {•, h} on C°°(b) which defines a map Xh : b ^ b** by {Xh{b), Df{b)) = {/, h}{b) for any & e b and / 
a smooth real valued function defined in an open subset of b containing b. Thus, Xfi{b) G b** = T^**b and 
therefore Xh{b) is not a tangent vector to b at b. The requirement that b be a Banach Poisson manifold is 
that Xh{b) e b ^ Tfcb for aU 6 e b. 

Denote by [•, •] the restriction of the Poisson bracket {•, •} from C°°(b) to the Lie subalgebra b*. The 
following criterion characterizes the Banach Lie-Poisson structure. The Banach space b is a Banach Lie- 
Poisson space (b, {•, •}) if and only if its dual b* is a Banach Lie algebra (b*, [•, •]) satisfying ad* b C b C b** 



2 



for all X G b*. Moreover, the Poisson bracket of /, /i G C°°{b) is given by 

{f,h}{b)^{[Df{h),Dh{h)],b), (2.1) 

where & G b and Df{b) G b* denotes the Frechet derivative of / at the point b. If is a smooth function on 
b, the associated Hamiltonian vector field is given by 

X„(6)==-adl,,(,)foGb (2.2) 

for any & G b. Therefore Hamilton's equations are 

^6(t) = -ad^„(,(,))6(t). (2.3) 

Given two Banach Lie-Poisson spaces (bi, { , }i) and (62, { , }2), a smooth map 1^9 : bi ^ 62 is said to be 
canonical or a Poisson map if 

{f,h}2 0ip^ {f oip,hoip]^ (2.4) 

for any two smooth locally defined functions / and h on 62- Like in the finite dimensional case, \2A\ is 
equivalent to 

Xlo^^T^oXl^ (2.5) 

for any smooth locally defined function /i on b2. Therefore, the flow of a Hamiltonian vector field is a Poisson 
map and Hamilton's equations / = {/, h\ in Poisson bracket formulation are valid. If the Poisson map ip is, 
in addition, linear, then it is called a linear Poisson map. 

Given the Banach Lie-Poisson spaces (bi, { , }i) and (b2, { , }2) there is a unique Banach Poisson structure 
{ , } on the product space bi x b2 such that: 

(i) the canonical projections tti : bi x b2 ^ bi and 7r2 : bi x b2 ^ b2 are Poisson maps; 

(n) 7r^(C°°(bi)) and 7r2(C°°(b2)) are Poisson commuting subalgebras of C°°(bi x b2). 

This unique Poisson structure on bi x b2 is called the product Poisson structure and its bracket is given 
by the formula 

{/, 62) - + {/bi , 9b^ 12(62), (2.6) 

where fbi-,gbi G C°°(b2) and fb2-,gb2 G C°°(bi) are the partial functions given by /bi(62) := /bal^i) := 
/(&i, 62) and gb^ (62) '■— 362 (^i) '■— .9(61, 62)- In addition, this formula shows that this unique Banach Poisson 
structure is Lie-Poisson and that the inclusions ti : bi ^ bi x b2, 12 : b2 '-^ bi x b2 given by ti(6i) := (&i,0) 
and i2{b2) '■— (0,62), respectively, are also linear Poisson maps. 

Induced Structures. Let bi be a Banach space, (b, {•, •}) a Banach Lie-Poisson space, and t : bi ^ b an 
injective continuous linear map with closed range. Then kert* is an ideal in the Banach Lie algebra (b*, [•, •]) 
if and only if bi carries a unique Banach Lie-Poisson bracket {•, •}']"'^ such that 

{Foi,Go = {F, G} o L (2.7) 

for any F,G ^ C°°{b); see Proposition 4.10 in [2D]. This Poisson structure on bi is said to be induced by 
the mapping t and it is given by 

{f,gyr(.h) - (m im-HDfih)), [.1-^(i^g(&i))] J ,61) (2.8) 

for any f,g & C°°{bi) and 61 G bi, where [l*] : b*/keri* — > b| is the Banach space isomorphism induced by 
t* : b* ^ b| and [•, -Ji denotes the Lie bracket on the quotient Lie algebra b*/kert*. 

Let us assume now that the range t(bi) is a closed split subspace of b, that is, there exists a projector 
R = : b b such that t(bi) = i?(b). Taking in ^ F :^ f o l'^ o R,G -.^ g o o R e C°°(b) for 
f,g G C°°{bi) and noting that l^^ o Ro l = idbj, we get 

{/, ff}r^(6i) = {/ o o i?, .9 o o i?}(.(6i)) 

= ( [D{f o o R){i{b,)),D{g o o R){i{b,))] , .(61)) . (2.9) 

We shall make use of this formula in 

We return now to the general case, that is, we consider an arbitrary quasi-immersion t : bi ^ b of Banach 
spaces which means that the range t(bi) is closed but does not necessarily possess a closed complement. 
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Proposition 2.1 Let t : bi ^ b be a quasi-immersion of Banach Lie-Poisson spaces {so range/, is a closed 
subspace ofb and ker/,* is an ideal in the Banach Lie algebra b*). Assume that there is a connected Banach 
Lie group G with Banach Lie algebra Q := b*. Then the G-coadjoint orbit 0^(6^) AdQt(6i) is contained 
in t(bi) for any hi G bi. In addition, if N G G is a closed connected normal Lie subgroup of G whose Lie 
algebra is ker/,*, then the N-coadjoint action restricted to /,(bi) is trivial. Therefore the Banach Lie group 
G/N := {[g] := gN \ g £ G} naturally acts on /,(bi) and the orbit of L{bi) under this action coincides with 
for any &i G bi. 

Proof. Since ker/,* is an ideal in g = b*, it follows that [x,y] G kert* for all a; G g and y G ker/,*. Therefore, 
since ker /,* is closed in g, it follows that Adoxpa; y — e'^'^^y G ker l* for any x G g and y G ker /,*. This shows 
that for any g G G in an open neighborhood of the identity element of G we have Adg ker /,* C ker /.* . Since 
G is connected, it is generated by a neighborhood of the identity and we conclude that Adg ker /,* C ker /,* 
for any g £ G. 

The upper index ° on a set denotes the annihilator of that set relative to a duality pairing; the annihilator 
of a set is always a vector subspace. Let 61 G bi and 5 G G. Since ker/,* = /,(bi)°, closedness of /.(bi) in b 
implies that (ker 6*)° = /,(bi). Thus, for any g G G and x G ker/,*, we have 

{Ad;i{bi),x) = (6(61), Adg x) =0 

which proves that Adg /,(6i) C /-(bi). 

Now let A'^ C G be a closed connected normal Lie subgroup of G with Banach Lie algebra ker /,* C Q. For 
any 61 G bi, x G g = b*, y G ker /,*, we have 

(ad;.(6i),x) = (.(foi),[y,x]) =0 

since kert* is an ideal in g and ker/,* — i(bi)°. Since this is valid for all x G g, it follows that ad* /,(6i) = 
for all y G ker/,* and bi G bi. Using the exponential map, this shows that Ad* /,(6i) — i{bi) for any n in a 
neighborhood of the identity in N. Since N is connected, it is generated by a neighborhood of the identity 
and we conclude that Ad* /,(6i) = for all n G N. 

The quotient G/N {[g] gN \ g G G} is a Banach Lie group and the projection G G/N is a 
smooth surjective submersive Banach Lie group homomorphism ([5], Chapter III, §1.6). Since the coadjoint 
action of N on /,(bi) is trivial, the Banach Lie group G/N acts smoothly on i(bi) by [g] ■ /,(6i) := Ad*-i /.(^i). 
The orbit of a fixed element /,(6i) G /,(bi) by this group action is obviously equal to the G-orbit Ot(6i). ■ 

Coinduced Structures. Let (b, { , }) be a Banach Lie-Poisson space and tt : b ^ bi a continuous linear 
surjective map onto the Banach space bi. Then bi carries a unique Banach Lie-Poisson bracket { , }™'""^ 
making tt into a linear Poisson map, that is, 

{/o^,.go^} = {/,5}f"d„^ (2.10) 

for any /, <? G C°°{bi) if and only if 7r*(b^) C b* is closed under the Lie bracket [• , •] of b*; see Proposition 4.8 
of [2^. This unique Poisson structure on bi is said to be coinduced by the Banach Lie-Poisson structure 
on b and the linear continuous map vr. It should be noted that iniTr* is a closed subspace of b* since 
imTT* = (ker7r)°. To determine the coinduced bracket on bi note that tt* : b^ — > b* is an injective linear 
continuous map whose closed range is a Banach Lie subalgebra of b*. Thus, on imTr* we can invert tt*. The 
coinduced bracket on bi has then the form 

{/, 5}f"'(&i) = (i^*)-' [vr*(i?/(6i)), 7r*{Dgibi))] , 61) (2.11) 
for any /, g G G°°(bi) and 61 G bi. 

Let us assume that kerTr admits a closed complement. This is equivalent to the existence of a linear 
continuous injective map /. : bi ^ b with closed range such that tt o /, = idbi- Thus (|2.10p implies that 

{/,5}f"' = {.f°^,5°^}°^. (2.12) 

for any/,gGG°°(bi). 

Assume now that the Banach Lie-Poisson space b splits into a direct sum b = bi ® b2 of closed Banach 
subspaces. Denote by i?j : b ^ b the projection onto bj, for j ~ 1,2. So we have the following relations: 
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Ri + R2 — idf,, Ri — i?2 — R2, R2R1 = R1R2 = 0, bi :— imi?i, and b2 := inii?2- Dualizing we get the 
projectors Rl,R^ : b* ^ b* satisfying RI + R^ ^ idt,., (i?^)^ = i?*, (R*)^ = R*, R*Rl = 0. The 

relationship between these spaces is given by 

keri?! = inii?2 = 62 and keri?2 = imi?i = bi (2-13) 
keri?i = imi?; = (imi?i)° = fa2 and ker R^ ^ im R^ = {im R2)° = b^ (2.14) 
b = fai©b2 and b* ^b°2®bl^bl®b*2. (2.15) 

Let Lj : bj ^ b be the inclusion determined by the splitting b = bi © 62 for j = 1, 2. Denote by ttj : b ^ bj 
the projection determined by the projector i?j : b — > b, that is, Lj otTj = Rj and note that tTj oi^ = id(,j . We 
summarize these notations in the following diagram. 




From (|27T2)) we get 
or, explicitly 

{/,5}f"'(^j) = where 6, € b,. (2.17) 

The following proposition presents some properties of the induced and coinduced structures on bi and b2. 

Proposition 2.2 Assume thatimRl andimR2 are Banach Lie suhalgebras of b* . Then: 

(i) bj has a Banach Lie-Poisson structure coinduced by ttj and the expression of the coinduced bracket 
{ , l^™""^ on bj is given by (j2.16p . The Hamiltonian vector field of h C°°{bj) at bj £ bj is given by 

Xh{bj) = -n, (adl^ohib,) hibj)) , J^h 2, (2.18) 

where Dh{bj) G b* and aAx is the adjoint action of x Cz b* on b* . 

(ii) The Banach space isomorphism R -^(-Ri — ^2) : b ^ b defines a new Banach Lie-Poisson structure 

if, 9}R{b) := {[R*Df{b),Dg{b)] + [Df{b), R*Dg{b)],b) (2.19) 

on b, f,g G C°°(b), that coincides with the product structure on bi x b2, where bi carries the coinduced 
bracket { , and b2 denotes b2 endowed with the Lie-Poisson bracket — { , 

(iii) The inclusion maps li : (bi,{,}™™'*) ^ (b,{,}_R) and L2 : (b2, { , }2°'"'*) ^ {^^{^}r) '^'^e linear 
injective Poisson maps with closed range. 

(iv) The map Lj induces from (b,{,}fl) a Banach Lie-Poisson structure on bj which coincides with the 
coinduced structure described in (i), for j — 1,2. 

Proof, (i) By hypothesis, the range imi?* of the map R* : b* ^ b* is a Banach Lie subalgebra of b*. 
Thus TTj coinduces a Banach Lie-Poisson structure on b*. Let h G C°°{bj) and note that for any function 
/ G C°°{bj) and bj e bj we have 

{Dfib,),XH{b,)) = {f,h}f'^^{b,) = {[D{fon,)ii,{b,)),Diho7:,){L,{b,))],L,ib,)) 
^{[n*Df{b,),n*Dh{b,)] ,L,{b,)) 

= {-^jDf{b.j), - ad^.^^fb^) h(bj)) 
= (Df{bj), -TTj ad;. £,,,(6^) tj(6j)) , 
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which proves formula (|2.18p . 

(ii) Let 6 = 5i + 62 G bi © fa2- Then Rj{b) = bj, for j ~ 1,2. A direct verification shows then that 

{f,9}R{b) - {[R*Df{b),Dg{b)] + [D{b),R*Dg{b)],b) 

= \{[RlDf{b) - R;Df{b),RlDg{b) + RlDg{b)],b) 

+ \{[RlDf{b) + RlDf{b), RlDgib) ~ RiDg{b)],b) 

= {[RlDfib), RlDgib)], Rib + R2b) - {[R;Df{b),R;Dg{b)],Rib + R^b) 
= {[RlDfib], RlDgib)], Rib) - {[R;Dfib),R;Dg{b)],R2b) 

where in the third equality we have used the fact that [RID f{b), RlDgib)] G imi?j ~ (imi?2)° and 
[i?2-D/(6), i?2-Dg(fo)] e inii?2 — (imi?i)° and 6 = &i + 62 with bj G bj. To prove the last equality above it 
suffices to note that 

Difb,{bi) ■ 5bi = Dfib) ■ 6bi = Dfib) ■ RiSbi and 2^2/61(^^2) ■ <5&2 = Dfib) ■ 5&2 - Dfib) ■ R^Sb^ 

for any Sbj G bj, where Dj is the Frechet derivative on bj, for ~ 1,2. The last expression is that of the 
product Banach Lie-Poisson structure on bi x b2 (see ()2.6p ). 

(iii) This is an immediate consequence of (ii) and the general fact, recalled earlier for products of Banach 
Lie-Poisson spaces, that these inclusions are Poisson maps with closed range. 

(iv) Let { , l"'"^ and { , be the induced and coinduced brackets on bj from (b, {•, -ju) and (b, {•, •}), 
respectively. Therefore, 

{F, G}r o ^ {F o I, , G o jf" (2.20) 

for any F, G G G°°(b) and, by 

{/,5}f"'* = i-iy-'{f O ^1,9 O TT,} O (2.21) 

for any f,g€ C°°{bj). Apply relation (j2.20p to the functions F / o tTj, G := g ottj and use ttj o lj — idi,. , 
TTjoR = i(-l)-'-i7rj, and (jj?^ to get for any bj G bj 

{/,5};"%) = {/°^„.9°vr,U(^j(6,)) 

= {[R*Difon,)ii,ib,)),Digon,)ii,ib,))],L,ib,)) 

+ {[Dif o TT,)ii,ib,)), R*Dig o TT,)it,ib,))],h(.bj)) 
= {[R*n*Dfib,),7r*Dgib,)],L,ib,)) 

+ {[n*Dfib,),R*7T*Dgib,)],i,ib,)) 
^i-l)^-'{[n*Dfib,)),7r*Dgib,)],L,ib,)) 

^i-l)^-'{[Difo7:,)iL,ib,)),Digo7:,)iL,ib,))],hib,)) 
^ i-1)^-' {fan,, go n,}iL,ib,)) 

= {/,5}f"'(&.)- ■ 

This proposition implies the following involution theorem. 

Corollary 2.3 In the notations and hypotheses of Provosition [27B we have: 

(i) The Casimir functions on (b, {•, •}) are in involution on (b, {•, - ju) and restrict to functions in involu- 
tion on bj, j — 1,2. 

(ii) If H is a Casimir function on b, then its restriction H o Lj to bj has the Hamiltonian vector field 

XHoiAbl) = '^l{^^*BiDH(,^(b,)) '^l(^l)) ^2 22) 

XH<,,Ab2) =T^2{&<^*RlDH(u2{h2))''^ib2)) 

for any 61 G bi and 62 G b2, where ij -.bj^b is the inclusion, j = 1,2. 
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Proof, (i) Let F,H £ C°°{b) be Casimir functions for the Lie-Poisson bracket { , }, that is, ad^j^^^-, 6 = 
and ad^^(^-) 6 = for any 6 Gb. Therefore 

{F,H}R{b) = {[R*DF{b),DH{b)] + [DF{b), R* DH{b)],b) 

= - (^R*DF{b), ad*i,Hib) b) + {R*DH{b), ad*op^,^ b) = 

which shows that F and H are in involution relative to { , }^. Then statements (iii) and (iv) of Proposition 
12.21 show that F o ij^H o lj are also in involution on bj, j = 1, 2. 

(ii) Since ff is a Casimir function on b, we have ad^^(^) 6 = for any 6 G b. Therefore, since RI+ R2 = 
idf,*, we get for any 61 G bi 

= ad^^(^^(j^-|-| ti(6i) = s-d^iDHiLiibi)) '-1(61) + i^d*j^*DH{Li{bi)) '-1(61). 
A similar relation holds for any 62 G b2. So, we have 

- a<i*R'^DH{L,{b,)) = ^^R'^^,DHic,ib,)), (2-23) 

where j is taken modulo 2. 
Since Lj o ttj — Rj we get 

t:*D{H o Lj){bj) = D{H o Lj){bj) o tTj = DH{i,j{bj)) o Lj o ivj 
^DH{L,{bj))oR^^R*DH{L,{bj)), 

so (I^JS)) and (P?^ yield 

H {XHou,[bj)) = -(tj oTTj) (ad;.£,(^„,,^.)(b^.) Lj{bj)^ = -Rj [iui*ji*jjH{.,{b,)) hib])) 

= Rj {^'i*R'^^,DH{,,{b,)) hibj)) = ^'i*R*^^DH{,,{b,)) hibj)- (2.24) 

The last equality follows from the fact that ad^.^^^, tj(6j) G imi?j = imtj for any x G b* and bj G bj. 
Indeed, for any y G (im Rj)° — iniR*_^_i we have 

because [i?*^^^^'?/] ^ imRj^i — {im Rj)° by hypothesis (the image of Rj^i is a Banach Lie subalgebra of 
b*) and Lj{bj) G imi?j. Therefore, ad^. ^x'-jibj) £ — imi?j = imi?^-. 

Finally, applying tt^ to ((^TM)) yields ■ 

Taken together. Proposition 12.21 and Corollary 12.31 give a version of the Adler-Kostant-Symes Theorem 
(see ^ [121 [231 m] ) formulated with the necessary additional hypotheses in the context of Banach Lie-Poisson 
spaces. 

Proposition 2.4 Let (b, { , }) be a Banach Lie-Poisson space and let Ri, R3 : b b be projectors. Assume 
that im_R2i = imi?23 =: b2, where R21 idb —Ri, R23 '■= idb —R3, and denote bi := imi?i, ba := imi?3. 
We summarize this situation in the diagram 




where tti, 7r2i, 7723, tts are the projections onto the ranges of Ri, R21, R23, and R3 respectively, according to 
the splittings b = bi © b2 = b2 © b^, and ti : bi ^ b, 13 : ba '-^ b are the inclusions. 
Then one has: 
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(i) // is a Banach Lie subalgebra of b* , then $31 := 7r3 o ii : (bi, { , -> (ba, { , jg™"'*) and 

$13 := TTl o t3 : (b3, { , j-j™"'^) — > (bi, { , are mutually inverse linear Poisson isomorphisms. 

(ii) //b° and h'^ are Banach Lie subalgehras of b* , then b2 has two coinduced Banach Lie-Poisson brackets 
{ I lii'"'^ and { , 123'"'^ which are not isomorphic in general. 

Proof, (i) Since b2 = (imi?2i)° = v[n.R\ (see (|2.14p ) is a Banach Lie subalgebra of b* it follows that Ri 
coinduces a Banach Lie-Poisson bracket { , j™'"*^ on bi. Similarly, the relation b"^ = (imi?23)° = imi?3 
implies that i?3 coinduces a Banach Lie-Poisson bracket { , }™'"^ on b3. 

Let us notice that $3io$i3 = 7r30ti07riot3 — tt^oRiol^ = 7r3o(id[, — i?2i)°''3 = 7r3 0/,3 — 7r3oi?2io/,3 ~ idt,., 
since tt^ o i?2i = 0. One proves similarly that $13 o $3^ = id[,j . 

From kerTTi — ker7r3 — b2 and 6 — (13 o 7r3)(fe) G ker7r3 for any 6 G b, it follows that tti o 13 o 7r3 = tti. 
Therefore, if /, g G C°°(bi) we get from (|2.16p and the fact that tti : b ^ bi is a Poisson map 

{/ o $13, g o $i3}f"' - {/ o TTl O i3, 5 o ^1 o .3}™-^ 

= {/ O TTl O i3 O 7r3, g O TTl O O 7r3 } O 13 

= {/ O TTl, .9 O TTl} O .3 = {/, o „ ,3 = ^}coind „ 

It is shown in a similar way that $31 : bi — > b3 is a Poisson map. 

(ii) By (|2.13[) we have b\ — imi?2i and b3 = imi?23 which, by hypothesis, are Banach Lie subalgebras 
of b*. Therefore, 7r2i and 7r23 coinduce Poisson brackets { , }2i'"'^ and { , }23'"'* on b2- ■ 

3 Symplectic induction 

The goal of this section is to present the theory of symplectic induction on weak symplectic Banach manifolds. 
In the process we shall define the momentum map in this setting, establish some of its elementary properties, 
and give examples relevant to the subsequent developments in this paper. 

Weak symplectic manifolds. In infinite dimensions there are two possible generalizations of the notion 
of a symplectic manifold. 

Definition 3.1 Let P be a Banach manifold and uj a two-form. Then oj is said to be weakly nondegenerate 

if for every p G P the map Vp G TpP 1— > U!(j))(vp, ■) G T*P is infective. If, in addition, this map is also 
surjective, then the form lu is called strongly nondegenerate. The form uj is called a weak or strong 
symplectic form if, in addition, duj = 0, where d denotes the exterior differential on forms. The pair 
(P, Lj) is called a weak or strong symplectic manifold, respectively. 

If P is finite dimensional this distinction does not occur since every linear injective map is also surjec- 
tive. The typical example of an infinite dimensional strongly nondegenerate Banach manifold is a complex 
Hilbert space endowed with the symplectic form equal to the imaginary part of the Hermitian inner product. 
Any strong symplectic form is locally constant but weak symplectic forms are not, in general. The usual 
Hamiltonian formalism extends to the strong symplectic case without any difficulties. 

On the other hand, if (P, to) is a weak symplectic manifold, the equation d/i = uj{Xh, ■) that would define 
the Hamiltonian vector field Xh associated to the function h G C°°{P) cannot always be solved for Xh. But 
if Xh exists, it is necessarily unique. Denote by C^{P) the vector subspace of smooth functions that admit 
Hamiltonian vector fields, li f.h E C^(P) their Poisson bracket is defined by 

{f,h}^:^LoiXf,Xh). (3.1) 

In general, it is not true that (P) is a Poisson algebra since f,h^ (P) does not necessarily imply 
that {/, h} G C^{P). However, if f,g,h G C^{P) and we assume, in addition, that {/, g}, {g, h}, {h, /} G 
C^{P), doj — the same proof as in finite dimensions implies the Jacobi identity. 

Note that if /, g G C^{P) then the product fg G C^{P). Indeed, the Hamiltonian vector field defined 
by fg exists because Xfg= fXg -\- gXf as an easy computation shows. Another useful property is that 
the Poisson bracket {/, 3}(p) for f,g € C^{P) is completely determined by df{p) and dg{p). Indeed, this 
follows from the fact that if d/(p) = dg{p) then oj{p){X f{p), •) — df{p) — dg{p) = iLj{p){Xg{p), •) and weak 
nondegeneracy of lu implies then that Xf{p) = Xg{p). Using this remark one can recover several standard 
statements about Hamiltonian vector fields in the weak symplectic case. 
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The weak symplectic manifold {£°° x£^,uj). In this paper we shaU often work with the weak symplectic 
manifold {£°° x £-^,0;), where £°° is the Banach space of bounded real sequences whose norm is given by 

llqlloo := sup |(?fe|, q := tolA^Lo e 

k=0,l,... 

£^ is the Banach space of absolutely convergent real sequences whose norm is given by 

00 

llplli P -.^ {pk}T=o ^ i\ 

k=Q 

the strongly nondegenerate duality pairing 

00 

(q,p) = E9fc?"^-' q^^"' pe^'' (3.2) 

establishes the Banach space isomorphism {£^)* = £°°, and the weak symplectic form ut has the expression 
^((q,p),(q',p'))-(q,P')-(q',P), for q,q'G^°°, p^p'ef. (3.3) 

for q, q' £ and p, p' e £^. 

The differential form lo is conveniently written as 



k=Q 



^dqfeAdpfc. (3.4) 



in the coordinates qk,Pk- Let us elaborate on the notation used in (|3.4p . If p = {pk}kLo G denote 
by {9/9pfc}^Q the basis of the tangent space Tp£^ corresponding to the standard Schauder basis {|fc)}^o 
of The same basis in £°° has a different meaning: every element a :— {afclJ^Lp G £°° can be uniquely 
written as a weakly convergent series a — J^kLo '^k\k)- With this notion of basis in £°°, given q e £°°, the 
sequence {d / dqky'^Q denotes the basis of the tangent space Tq£°° corresponding to {|fc)}^Q. Thus, any 
smooth vector field X on £°° x £^ is written as 

^(^'P) = E [M^.p)-q^^ + B,{^,p)—^ , 

where {^/c(q, p)}fc^o ^ ^^'^'^ {Bk{q.,p)}kLo ^ If ^ is another vector field whose coefficients are 
{C/c(q, p)}^Q e {-Dfe(q, p)}^Q e fi, employing the usual conventions for the exterior derivatives of 
coordinate functions to represent elements in the corresponding dual spaces, formula (|3.4p gives 

(CXD \ OC 

dqk A dpk {X, Y) (q, p) = ^ {Ak (q, p)Dk (q, p) - Cu (q, p)Sfe (q, p)) 
fe=0 / fe=0 



which coincides with (j3.3|) . It is in this sense that the writing in (j3.4p represents the weak symplectic form 
(El). 

In this case we can determine explicitly the space C'^{£°° x £^). To do this, we observe that for any 
h e C^{£°^ X ^1) its partial derivatives dh/dq G (£°°)* and dh/dp G {£^)* = £°°, respectively Thus the 
Hamiltonian vector field X^ defined by the weak symplectic form (|3.4p and the function h exists if and only 
if dh/dq G £^ C i£^)** = (€°°)*. Therefore, 

^00(^00 ^ ^1) ^ |y ^ ^00(^00 ^ ^1) I {a/^/a^^}- ^ e (3.5) 

and the Hamiltonian vector field defined by /i G C'^{£°° x £^) has the expression 

V , . dh d dh d 

Xh{q,p)^ 75—75—- (3-6) 

apk oqk oqk opk 

The canonical Poisson bracket of /, /i G {£°° x ) makes sense and is given by 

{/,5Uq,p)-f:f|^|^-|^^). (3.7) 
^ V dpu dqk dpk I 



k=0 
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For the weak symplectic Banach vector space x £^,uj), a direct computation shows that the Poisson 
bracket of any two functions from the set 



OO 



is again in C^{e°° x f). 



Momentum maps on weak symplectic manifolds. Throughout this section, G denotes a Banach Lie 
group and g its Lie algebra. We shall assume that g admits a predual and that the coadjoint action of G 
on the dual space g* leaves g* C g* invariant, that is Ad* g, C g*, for any g e G. Recall from 20J that g, is 
a Banach Lie-Poisson space (whose bracket is hence given by (|2.ip V 

Definition 3.2 Let {P,uj) he a weak symplectic manifold andG a Banach Lie group satisfying the conditions 
above. A smooth map J : P ~* g^ is a momentum map if whenever ip, ijj are locally defined smooth functions 
on g, such that ipojjijjoj are locally defined elements ofC^{P), we have {ipoj^tpoj}^ = {ip,ijj}oJ. Here 
denotes the Poisson bracket on functions in C^{P) and {•, •} is the Lie-Poisson bracket on g,. 

Momentum maps usually appear by the following construction. 

Proposition 3.3 Let ^ : G x P P be a smooth symplectic action of the Banach Lie group G on the weak 
symplectic Banach manifold {P,uj). Assume that the smooth map J : P — * g» is G-equivariant and is such 
that for all z £ g we have zo J e C^{P) and zp ~ Xzo3, where zp{p) :— $ (exp(iz),p) denote the 

infinitesimal generator of the action. Then J is a momentum map. 

Proof. We proceed as in finite dimensions (see, e.g., [l^)- First note that if (ys is a smooth locally defined 
function on g^, and p & P, denoting y :— d^p{3{p)) G g, we have d{(p o 3){p) = d(y o 3){p). But the Poisson 
bracket evaluated at p depends only on the first derivatives of the functions at p which means that if ip is 
another locally defined function on g* and z := di/)(J(p)) £ g we have 

{<^o J,^o J}^(p) = {yo J,zo J}^(p). 

On the other hand, the derivative at g = e of the equivariance identity 3(g ■ p) = Ad*-i 3{p) for any g £ G 
and p £ P yields the relation Tp3{zp{p)) = — ad* 3{p) for any z G g. Therefore, by (|2.ip we get 

({^,V}° J)(P) = ([d^(J(p)),dV^(J(p))],J(p)) = {[y,z],3ip)) = (z,ad;j(p)) 

= - (z, Tp3iyp{p))) = -d(z o 3){p){yp{p)) = -d(z o 3){p) {Xy,j{p)) 

= {y°J,zo3}^{p) 

which shows that {ip o 3^'ip o 3}^^ = {ip, iJj} o 3 and hence J : P ^ g* is a momentum map by Definition 13.21 
■ 

Note that G^{P) is invariant by the G-action. Indeed, the Hamiltonian vector field of the smooth 
function / o $g for / £ C^{P) exists and equals ^*Xf, where : P ^ P denotes the G-action on P. 
Similarly, for any z G g, the Hamiltonian vector field of d/(zp) exists and equals [zp, Xf]. 

Propositions 7.3 and 7.4 in [20^ show that if the coadjoint isotropy subgroup of p e g, is a closed Lie 
subgroup of G, the coadjoint orbit is a weak symplectic manifold and the inclusion is a momentum map in 
the sense of Definition 13.21 We shall give study other momentum maps in subsequent sections. 



The symplectic induced space. Symplectic induction is a technique that associates to a given Hamilto- 
nian iJ-space a Hamiltonian G-space whenever iJ is a Lie subgroup of the Lie group G; see p| lOj ITO l [TT | [24 l [25] 
for various versions of this construction and several applications. We shall review this method below in the 
category of Banach manifolds and shall impose also certain splitting assumptions that are satisfied in the 
example studied later. 
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Let G be a Banach Lie group with Banach Lie algebra q. Let H he a closed Banach Lie subgroup of 
G with Banach Lie algebra (). Assume that both g and f) admit preduals and which are invariant 
under the coadjoint actions of G and H, respectively (see [20) for various consequences of this assumption). 
Throughout this section we shall make the following hypotheses: 

• f)* C 0*, 

• there is an Ad^-invariant splitting 

2* = h*(Sl)i, (3.8) 

where f)^ is a Banach AdJ^^-invariant subspace of g*, which means that Adjj f);^ C i)^ for any h & H, 
where Ad* : G Aut(g*) is the G-coadjoint action, 

• ^ f); where is the annihilator of i)^, 

• the Banach Lie group H acts symplectically on the weak symplectic Banach manifold (P, uj) and there 
is a i7-equivariant map Jp ; P ^ f)» satisfying the hypothesis of Proposition 13.31 for the Lie group H 
and hence Jp is a momentum map. 

Dualizing the splitting (j3.8p . we get an Adjj-invariant splitting 

= (3.9) 

where f)^ :— (f)*)° is the annihilator of the Banach Lie-Poisson space f)*. 

The induction method produces a Hamiltonian G-space by constructing a reduced manifold in the follow- 
ing way. Form the product P x G x g» of weak symplectic manifolds, where G x has the weak symplectic 
form 

^Lig,p)iiUg,il),iVg,i>)) ^ {i>,TgLg-lUg} ~ {fi , T g L g- 1 V g) 

+ (P' [TgLg-iUg,TgLg-iVg\), (3.10) 

for g € G, Ug,Vg 6 TgG, and p, fl,i' £ 0*. This formula was introduced in [20] and it looks formally the same 
as the left trivialized canonical symplectic form on the cotangent bundle of a finite dimensional Lie group 
(see [1], §4.4, Proposition 4.4.1). From (ISTTO]) it follows that 

{G X 0,) - {fee G°°(G x 0,) I T:Lgd,k{g,~p) e 0,}, 

where dik{g,p) G r*G and d2k{g,p) £ (0*)* = are the first and second partial derivatives of k. If 
k G G^^{G X 0*), the Hamiltonian vector field Xk G X(G x 0,) has the expression 



Xk{g, p) = [TeLgd2k{g, p), ad^^^g p^ p - T*Lgdik{g, p)j . (3.11) 
Therefore the canonical Poisson bracket of /, fc G G^ (G x 0») equals 
{f,k}{g,p) = {dif{g,p),TeLgd2k{g,p)) - {dik{g, p),TeLgd2f{g, p)) 

-{p,[d2f{g,p),d2k{g,p)]). (3.12) 

The left G-action on G x 0» given by g' ■ {g,p) := {g'g,p) induces the momentum map (<?, p) ^ p 
which is G-equivariant. 

The weak symplectic form lo ® lo l ^ Vl^ [P y. G y. q^.) \s defined by 

(uj ®ujL){v,g,p) {{ap,TeLgX,p), {bp,T^Lgy,v)) = 

uj{p){ap, bp) + (D, x) - {p, y) + {p, [x, y]), (3.13) 

where p € P, g € G, p, fl,D € q^, x,y e g, and Up, bp G TpP. 
The Banach Lie group H acts on P x G x 0, by 

h ■ {p, g, p) := {h ■ p, gh-\ Ad^l p). (3.14) 
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The infinitesimal generator of this action defined by z G f) equals 

which, by (|3.11[) and the assumption of the existence of a momentum map induced by the action of H on P, 
is a Hamiltonian vector field relative to the function z o (Jp(p) — Hpj, where IT : — > f)^, is the projection 
defined by the splitting 0* = f)* © f);^. Therefore, the action (|3.14p admits the equivariant momentum map 
JpxGxs, ■■ P y- G y. ^\)^ given by 

JpxGx8.(P,5,p)=Jp(p)-np. (3.15) 

The iJ-action on P x G x g» is free and proper because iJ is a closed Banach Lie subgroup of G. Therefore 
its restriction to the closed invariant subset (JpxGxB.)~"'^(0) is also free and proper. Let us assume at this 
point that is a regular value and hence that (JpxGxj*)~^('-') ^s a submanifold. In concrete applications, 
such as gravity or Yang-Mills theory, the proof of the regularity of is usually achieved by appealing to elliptic 
operator theory. With the assumption that is a regular value and that for each {p,g,p) & (JpxGxB.)~^(0) 
the map h G H i-^ h ■ {p,g,p) := {h ■ p, gh~^ , Ad^-i p) € (JpxGxB,)^^('^) is an immersion, it follows 
that the quotient topological space M := (JpxGxB.)^^(O)/^ carries a unique smooth manifold structure 
relative to which the quotient projection is a submersion. This underlying manifold topology is that of the 
quotient topological space and it is Hausdorff (see [5], Chapter III, §1, Proposition 10 for a proof of these 
statements). Once these topological conditions are satisfied, a technical lemma (stating that the double 
symplectic orthogonal of a closed subspace in a weak symplectic Banach space is equal to the original 
subspace) allows one to extend the original proof of the reduction theorem in finite dimensions (see [Tij ) to 
the case of weak symplectic Banach manifolds. We shall not dwell here on these technicalities because in the 
example of interest to us, treated later, the reduction process will be carried out by hand without any appeal 
to general theorems. Summarizing, we can form the induced space (M, JIa/) which is a smooth Hausdorff 
weak symplectic Banach manifold, where is the reduced symplectic form on JpxGxs J^^C-*)/-^- 

Now note that if we denote p = p + E t)*©f]^ we get 

(jfxGxsJ^'W - {{P,9,P} e P X G X 0, I 3^{p) ^ Hp} 
= G X {{p,p) e P X \ 3]^{p) = p} X t,i 
= GxPx();^, 

where the iJ-equivariant diffeomorphism in the last line is given by 

(p.p) e {ip,p)ePxt),\3^{p)=p} ^peP 

Therefore the weak symplectic Banach manifold M = {•ipxGxg,)~^i^)/ ^ is diffeomorphic to the fiber 
bundle G Xh (P x\)^) ^ G/H associated to G ^ G/H. 

The vi^eak symplectic form on the induced space. Let us denote by ttq : G x P x ^ G x// (P x i)^) 
the projection onto the iJ-orbit space. The next statement gives the weak symplectic form on M . 

Proposition 3.4 The associated fiber bundle G X// (P x f)^) ^ G/H has a weak symplectic form ft given 
by 

^{t^o{9,P, P'^)) {T{g,p,p^)T^o{TeLg{x + x-^),ap, p^),T(g p p±-^TTQ(T^Lg{y + y^), bp, v^)) 
^ u;ip)iap,bp) + {Tp3'^ibp),x) + {u^,x^) - {Tpj'^iap),y) - {p^,y^) 

+ (Jf (p), [x,y]) + {p^, [x^,y] + [x,y^]) + (j|f(p) + p^, [x^, y^]) (3.16) 
= w(p)(ap - xp{p),bp - yp{p)) + {Tpipibp - yp{p)),2x) + {ly-^ + ad* p^,x^) 
- {Tp3^{ap - xp{p)), 2y) - {p^ + adj p^,y^) + (J^(p), [2x, 2y]) 
+ (p^, [x^,2y] + [2x, y^]) + (jf (p) + p^ , [x^,y^]) (3.17) 

for g ^ G, p ^ P, p'^,p'^,i''^ e t)^ , x,y ^ f), G ()^, and ap,bp G TpP. The second expression uses 

only tangent vectors of the form 

[op - xp{p),TeLg{2x + x^), p^ +ad* p^) 
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which are transversal to the H-orbits in the zero level set of the momentum map and hence represent the 
tangent space T^^(^g p p±-^M to the reduced manifold M . 

Proof. We begin with the proof (13.161) . Let io : G x P x f);^ ^ P x G x be the inclusion io{g,p,p^) := 
{p,9,Jp{p) + P^)- For p G P, p^,n'^,i'^ G f) ^, g E G, x = x + ,y = y + eg, x,y E I), x^,y^ E i)^ , 
and Up, bp E TpP, the reduction theorem and (I3.13|) give 

^{■^o{9,P, P^)) {T{gjp,p^)T^o{TeLgX, Op, /i-L), T(g^p^p±)T:Q{TeLgy, bp, v^)) 
= ®t^L){p,9,P^) {{ap,TeLgX,fi-^),{bp,TeLgy,i^-^)) 

= {uj ®ujL){p,g,3p{p) + p^) {{ap,TeLgX,Tp3p{ap) + p,^), {bp,TeLgy,Tp3p{bp) + ly^)) 
= ^{p){ap,bp) + (Tpj]?(6p) + iy^,x + x^) - {Tp3^{ap) + p^,y + y^) 
+ {3f{p)+p^,[x + x^,y + y^]). 

Since [x + x^,y + y^] = [x,y] + [x^,y] + [x,y^] + [x^,y^], [x,y] E i) = (1)^)° , [x^ , y] + [x , y^] E i)^ ^ (f)*)° 
(because the sphtting g = [) © t)^ is Ad^-invariant), E i)^, and 3p{p) E [)*, the last term becomes 

{3^{p) +p^,[x + x^,y + y^]) ^ (jf (p), [x,y]) + (p^, [x^,y] + [x, y^]) 

+ {3^{p)+p^,[x^,y^]). 

Since Tp3p{bp) E [)*, i^-^ E f);^, x G f) = , and x-^ E Ij^ = (t)*)°, the second term becomes 

{Tp3^{bp) + iy^,x + x^) = {Tp3^{bp),x) + {,y^,x^). 

Similarly, the third term is 

{Tp3^iap)+p^,y + y^) = {Tp3f{ap),y) + {p^,y^). 

Thus we get 

^^(7ro(.g,P, P^)) {Ti^g^p^p±)7Ta{TeLg{x + x-^),ap, p^),T(g^p^p±)T:o{TeLg{y + y^),bp, v^)) 
- uj{p){ap,bp) + {Tp3^ibp),x) + {y^.x^) - (Ppjf (ap),y) - {p^,y^) 
+ (Jf (p), [xM) + (p^, [^^,y] + [^.V^]) + (Jf (P) + P^, [^^,y^]) 

which proves p.l6p . 

We want to simplify this expression by taking advantage of the iJ-action on the zero level set of the 
momentum map. For x E ^ we have by i7-equivariance of Jp and the Ad^-invariance of the splitting 
g* = f)* © 

XpxGxs,{P:9^3p{p) + p^) ^ ^ 



exp tx-p,g exp(-te), Ad*^p(_j^) (J ^ (p) + p^ 
(exp tx-p,g exp(-te), J p (exp tx ■ p) + Ad*^p(_j^) 



d 

~ di 

= {xp{p),-TeLgX,Tp3p{xp{p)) - ad*p^) . 

Now decompose 

{ap,TeLg{x + x^),Tp3p{ap) + p-^) 

= {xpip),~T,LgX,Tp3^ixp{p)) - &dlp^) 

+ {op - xp{p),TeLg{2x + x^),Tp3p{ap - xp{p)) + p^ + ad* p^) . 

Since the form does not depend on the first summand, this means that we can replace everywhere in (I3.16P 
Up by Op — xp{p), X by 2x, and p-^ by p-^ + ad* p-^. Similarly, we can replace bp by bp — yp{p), y by 2y, and 
I/-"" by v-^ + ad* p-^ . Thus (|3.16p becomes 

^{p){ap - xp{p),bp - yp{p)) + {Tp3p{bp - yp{p)),2x) + {v^ + ad* p^,x^) 
- (Tpjf (ap - xp{p)), 2y) - {p^ + ad^ p^,y^) + (jf (p), [2x, 2y]) 
+ (p^, [x^,2y] + [2x, y^]) + {3^{p) + p^, [x^,y^]) 

which proves p.l7p . ■ 
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Remark. li H ~ G, then one can verify directly that the map : G {P >^ {0}) P given by 
^(7ro((7,p, 0)) := 5 • p is a difTeomorphism between the weak symplectic manifolds [G {P x {0}), 51) (the 
induced space) and {P,uj) (the original manifold). 



The momentum map on the induced space. Now we shall construct a G-action on the induced space 
(G Xff [P X ();^),a;) and a G-equivariant momentum map : G Xu [P x f);^) — > g». 

The Banach Lie group G acts on G x P x t);;|- by 5' • {g,p,p^) :— {g'g,p, p^). This G-action commutes 
with the iJ-action and so G acts on the induced space G xh {P x l)^) by g' ■ [g,p,p^] ■— [g'g,p,p-^]. It is 
routine to verify that this action preserves the weak symplectic form D, and that the map 

J^([5,P,P^])=Ad;-, (Jf(p)+p^) (3.18) 

satisfies the hypotheses of Proposition 13. 31 We conclude hence the following result. 

Proposition 3.5 The map J^^ : G Xj{ [P x \)-^) — > given by (j3.18p is a G-equivariant momentum map. 

The goal of the induction construction has now been achieved: starting with the Hamiltonian i?-space 
(P, w), where iJ is a closed Lie subgroup of a Lie group G, a new Hamiltonian G-space has been constructed, 
namely {Gxh{Px 



4 Induction and coinduction from L^{li) 

The Banach Lie-Poisson space L^{rL). The Banach space of trace class operators {L^{H), \\ ■ ||i) on a 
separable Hilbert space Ti has a canonical Banach Lie-Poisson bracket defined by 

{f,g}{p)^Tr{p[Df{p),Dg{p)]), (4.1) 

where f,g G G°°{L^{H)) and the Frechet derivatives Df{p),Dg{p) are regarded as elements of the Banach 
Lie algebra (L°°(7i), || • ||oo) of bounded operators on Ti, identified with the dual of L^{Ti.) by the strongly 
nondegenerate pairing 

{p,x) =Tt{px), for pe L\n), X e L°°in). (4.2) 

Hamilton's equations defined by the Poisson bracket (|4.ip are easily verified to be given in Lax form (see 
[20] for details) 

^^[Dhip),p]. (4.3) 

The orthonormal basis {|n)}^g of H, that is, {n\m) — Snm for n, m G NU{0}, induces the Schauder basis 
{|n)(m|}^„j^Q of L^CH) since it is orthonormal in the Hilbert space L^iH) of Hilbert-Schmidt operators and 
L^CH) C L'^{H). Thus, every trace class operator p E L^CH) can be uniquely expressed as 

00 

P= ^ Pnni\n){m\, (4.4) 

n,'m—Q 

where the series is convergent in the || -Hi topology. The coordinates p„,„ £ K are given by p„m = TT(p\m)(n\). 
The rank one projectors \l){k\ thought of as elements oi L°°{H), by giving their values on the Schauder basis of 
L^{H) as Tr(|Z)(fc| |n)(m|) = SknSim, form a biorthogonal family of functionals (see [13]) in L°°['H) associated 
to the given Schauder basis {|'^)(w|}^„^q of L^{'H). Therefore, each bounded operator x G L°°{H) can be 
uniquely expressed as 

00 

^ik\l){k\, (4.5) 

where the series is convergent in the w*-topology. The coordinates xik G K are also given by xik — Tr{x\k){l\). 
Recall that i(;*-convergence of the series (|4.5p means that the numerical series 

00 00 

xikTr{p\l){k\) = ^ xikPki = Tr(a;p) 

l,k=0 l,k=0 
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is convergent for any p G L^{Ti.). 

Since the separable Hilbert space TC is fixed throughout this paper we shall simplify the notation by 
writing Li := L^{n) and L°° := L°°{n). 

Shift operator notation. The shift operator 

oo 

5:=^ln)(n + l|, (4.6) 

n=0 

and its adjoint 

oo 

5^:=^|n+l)H, (4.7) 

ri=0 

turn out to give a very convenient coordinate description of various objects that we shall study in this paper. 
Note that the matrix of S has all entries of the upper diagonal equal to one and all other entries equal to 
zero whereas the matrix of S'^ has all entries of the lower diagonal equal to one and all other entries equal 
to zero. To facilitate various subsequent computations, we note that 

^'=(^^)'==I, {S'^fS^=l-Y,P^^ for fc=l,2,..., (4.8) 

where pi — : H ^ H are the orthogonal projectors on M.\i) C H for any z G NU {0}. Let C L°° and 
Lq C denote the closed subspaces of diagonal operators and define the bounded linear operators s, s on 
both Lg° and by 

Sx — s{x)S or xS'^ = S'^s{x) 
S^x = s{x)S'^ or xS = Ss{x) 

for X £ Lg° or x ^ Lq. The effect of the map s is that the ith coordinate of s{x) equals the (z + l)st coordinate 
of x, that is, s{xa, xi,X2 . . . ,x„, . . . ) := {xi, X2, ■ ■ ■ , Xn, . . .) for any {xo,xi,X2 . . . ,a;„, . . . ) £ £°^' ^ Lg°. 
Similarly, the effect of the map s is that the ith coordinate of s{x) equals the {i — l)st coordinate of x and 
the zero coordinate of s{x) is zero, that is, s{xo, xi,X2 ■ ■ ■ , Xn, . . . ) := (0, xq, xi, a;2, . . . , Xn, ■ ■ • )■ Thus 

s'^oS'' ^ id and s*^ o s*^ = ^'^-^"1^ p.' A: = 1, 2, ... , (4.10) 

where My : Lg° is defined by My{x) := yx for any y £ The following identities are useful in 

several computations later on: 

Tr{ps{x)) = Tr{S{p)x) and Tr(s(p)a;) = Tr{pS{x)) (4.11) 

for any p ^ Lq and x £ which means that s and s are mutually adjoint operators. 
Any X £ L°° and p ^ can be written as 



(4.9) 



(S^yx-j +X0+J2 (4.12) 



OO 



{S^yp,+p^+Y.P-^^'^ (4.13) 



where Xi,xo,X-j £ Lg° and pj,po,p-i £ Lj. A^ote f/ie different conventions: the indices of the lower 
diagonals for the bounded operators are negative whereas for the trace class operators they are positive. 
This convention simplifies many formulas later on. 

The expressions (|4.12p and (|4.13p suggest the introduction, for every fc £ Z, of the Banach subspaces 

— {p £ I Pnm = Oiormj^n + k}cL°° (4.14) 
Lfe {p £ I pn,n = for m / n + fc} C £^ (4.15) 

consisting of operators whose only non-zero elements lie on the fcth diagonal. We have the following Schauder 
decompositions 

^"^=0^^ and L'=^Ll. (4.16) 

fcez fcGZ 
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See [52] Ch. Ill, §15, namely Definition 15.1 (page 485), Defintion 15.3 (page 487), and Theorem 15.1 (page 
489) for a detailed discussion of this concept and generalizations. The duality relations between the various 
spaces L"^ and L\ is given by 

Tr(pfca;„) = 4„ Tr(/9fcXfe) if Pk & L\ and a;„ G £!^„. (4.17) 

Finally, note that if /e > then S'' eL'^, (5^)'' G L'^^, and 

, ^ . f S''-^ if l>j 
S'iS^y ^\ ^ ' (4.18) 

1(^^)-'-', if /<J 

which implies 

{p,x) ^Y^Trp.x, (4.19) 

fcez 

if p and a; are expressed in the form ()4.13p and ()4.12p . 

Banach subspaces of L^iH) and L°^{H). Given the Schauder basis {\n){m\}^^^Q of (or biorthogonal 
family of L°°) inducing the direct sum splitting (|4.16p . define the transposition operator T : ^ (or 
T : L°") by {p^)ij ■— Pji for any i, j G N U {0}. We construct the following Banach subspaces of L^: 

. LL ®L-oo4 and := ®r=o4 

. := {p G Li I P = P^} and {p G | P = -p^} 

• := ©t-fc+i^.' and L\ ^ ©f-^iLi, for fc > 1 

• /i^fe := ©-i_oo^' and /| , := e-,Li, for A; > 1 

• ^S.fe L\ n (l^,, + Li^,) and L^, n , + L^^,) , for fc > 1. 

Relative to operator multiplication, /I is an ideal in Ll_, l]^ j, is an ideal in L^, but neither is an ideal in 
. Therefore, relative to the commutator bracket, the same is true in the associated Banach Lie algebras. 

Similarly, using the biorthogonal family of functionals {|0(^l}rfc=o inducing the direct sum splitting 

(|4.16p , we construct the following Banach subspaces of L°° : 



. ©L-oo^r and := ®f^^Lf 

• Lg= := {x(^L°° ^ x} and L"^ {x G L°° | = -x} 
. := et-fc+i^r and 0^0^^, for fc > 1 

• ©ri-oo^r and ®T=kLf\ for fc > 1 

• := n (i-fe + L-,) and L^u H (l^, + L^,) , for fc > 1. 
The following splittings of Banach spaces of trace class operators 

L^=L\®ll^^, L^^Ll®ll^^, Ll= Llj^^I^^k (4-20) 
and of bounded operators 

i°° = L^©/f°i, L°°=L^®iX, L^=L+^k®I+,k (4.21) 
will be used below. The strongly nondegenerate pairing (|4.2I) relates the splittings (|4.20p and (|4.2ip by 

(L^)* - (/|.i)° = (i^)* = (/|,i)°=i- (Ll^k)* = il-,kr = L^,k uoo^ 

{i\^,y = [Liy ^ i^^, {il,r^{Li.r^L^, {il^kT = (Ll^kY = i^,k ^ ' 

where, as usual, ° denotes the annihilator of the Banach subspace in the dual of the ambient space. 
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The splittings (jT^ and (f^^ define six projectors of and L°° , respectively. Let Pi , Pj, Pj: : ^ 
be the projectors whose ranges are /i j^, Lj, and l\_ ^ defined by the splitting = (B (B l\ i- In 
particular P^ + Pq + P_| = I. Let Pi ^ : Ll_ L\_ be the projector whose range is ^ defined by the 
splitting L\_ = i^O i^- Define the six projectors 

P_:=Pi+Poi, Rs:=P'_+P^+ToPl, P_,, := Pi , 

P+:=P|, P5,+ :=P| -PoPl, R,k-=R-\Ll-R-.k ^ ' 

associated to the splittings ()4.20p . The order of presentation of these projectors corresponds to the order of 
the splittings in ((iT^ . 

Similarly, the six projectors associated to the dual splittings (|4.2ip are given by 

p* poo I poo p* poo I poo I ^ poo p* poo 

P; := Pf°, P*^ ■=P^ -ToP^^ R*^ := R*_ - P^j^ 

where P^,P^,P!^ : L°° L°° are the projectors whose ranges are I^^, L"^ , defined by the splitting 
L°° = /^i © P[f ® /^i and P^;^. : L'^ ^ L^' is the projector with range L^ j. defined by the sphtting 

r oo r oo ^ roo 

All Banach spaces appearing in (|4.2ip . with the exception of and P!^j,, are Banach subalgebras of L°° 
or whereas I^i^, for fc S N, are ideals of the Banach algebra (but not of L°°). Therefore, 7^^, define 
a filtration of L"^ and hence L'^ f, = /I'^f, inherits the structure of an associative Banach algebra. Thus 
all these associative Banach algebras are naturally Banach Lie algebras. The same considerations apply to 
the Banach ideals 7^^. C L?°. 

It will be useful in our subsequent development to distinguish between the projectors defined in (|4.23p 
and (|4.24p and the corresponding maps onto their ranges. We shall denote by 7r_,7r+,7r5, and t:s,+ the 
maps on equal to R^, R+, Rs, and Rs.+ but viewed as taking values in imP_ = i^, imP+ = i, 
im Rs — Lg, and imP5^+ = 7+ i, respectively. Similarly, denote by TT-^k and iTik the maps on Ll_ equal 
to P_,fc and Rik, but viewed as having values in imP-^fc = L\_ and imPi^ = k^ respectively. For the 
projectors on L°° we shall denote by tt^ , ttJ^ , tt^^ , and tt^ the maps equal to R*_,R*^, R*g, and Rg ^ viewed 
as having values in imPl = L^, imP^ = I^i, imP^ = L^, and imP^_|_ = L'^, respectively. Finally, let 
'^+'k ^'^'^ "^ik denote the maps on equal to PI ^ and P*^. viewed as having values in imPl ^ = f, and 
im P*j. — 1^1, , respectively. 



Associated Banach Lie groups. Note that the Banach Lie group 

GP°° := {x G I a; is invertible} (4.25) 

has Banach Lie algebra L°° and is open in L°°. Define the closed Banach Lie subgroup of upper triangular 
operators in GL°° by 

GP+ GP°° ni+ . (4.26) 

Since GL^ is open in L^, we can conclude that its Banach Lie algebra is L^. Define the closed Banach 
Lie subgroup of orthogonal operators in GL°° by 

0°° {xeL°° \ xx^ = x^x = I}. (4.27) 

The Banach Lie algebra P^ of 0°° consists of all bounded skew-symmetric operators. 
Denote by 

G/-, :=(I + /-fe)nGL- 

={I + ^\ipe /^fe, I + tpis invertible in GL^} (4.28) 

the open subset of I + formed by the group of all bounded invertible upper triangular operators whose 
strictly upper {k — l)-diagonals are identically zero and whose diagonal is the identity. This is a closed 
normal Banach Lie subgroup of GPJ^ whose Lie algebra is the closed ideal I^f. . 

Remark. Unlike the situation encountered in finite dimensions, the set I + 7^^. does not consist only of 
invertible bounded linear isomorphisms. An example of an operator in I + that is not onto is given by 
I — 5^, where 5 is the shift operator defined in (|4.6p . since J2'^=o nTil"^ ^ im(I — S"^). 
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Returning to the general case, define the product 

k-l / I \ 

^"'^y-E E^*^'(y'-)p' (4.29) 

1=0 \i=0 ) 

of the elements x — X^iLo^ a^^S*' and y = X^iLo^ V^^^ ^ -^+^fe' where Xi,yi are diagonal operators. Relative to 
o^j, the Banach space is an associative Banach algebra with unity. It is easy to see that the projection 
map TT^j. : — > {L^^,oi^) is an associative Banach algebra homomorphism whose kernel is /^j,. So, it 
defines a Banach algebra isomorphism [tt^^] : /I^^ {L°^j^^Ok) of the factor Banach algebra L^/I^f, 
with (L^,,,Ofe). 

The associative algebra L^^. with the commutator bracket 

fc-i I 

[x, y]k := a; ofc ?/ - y ofc x = ^ ^ [xis\yi-i) - yis\xi-i)) S"' (4.30) 
is the Banach Lie algebra of the group 



1=0 



9^ e |.go| > £(go)I for some e{go) > } (4.31) 



of invertible elements in {L^ oj.). 

Remark. It is important to note that invertibility in the Banach algebra Ofc) does not mean invert- 

ibility of the operator on Ti. For example, 1 — 5^ G GL^^, that is, I — S*^ is an invertible element in (i+ 3, 03), 
but 1 — 5^ is not an invertible operator, as noted in the previous remark. 

Note that {L^ f,, [■, ■]k) is not a Banach Lie subalgebra of L^. Since tt^^ : k ^® ^ Banach 

Lie algebra homomorphism one has 

[x,y]k = 7T^,M^,y]) for x,yeL^^k. (4.32) 

Note that tt'^ ^{GL'^) C GL^ f^, since every invertible operator in is mapped by the homomorphism 
TT^j, to an invertible element of L'^^^. Moreover, if a; e tt^^, (Gi+ ) C GL^^, then 

(<fclGL^)"'(a;) = {5(I+ 0) |I + VeG/^,} for some 5 e (^Jgl^) (a:). 



Indeed, if g' G (^7r;^j,|GL~ j (2;), then there exists some gip G I+k^ since g is invertible, such that g g' ~ 
1 + i/j ^ GI^i^. The next proposition shows that the restriction of tt^^. to GL^ has range equal to GL°^ j^. 

Proposition 4.1 The Banach Lie group homomorphism tt^j.Igl^ ■ GL°^ GL'^^, is surjective and in- 
duces a Banach Lie group isomorphism tt^^ ; GL°^ / GI^^, —>■ GL°^ for any fc = 1, 2, . . . . 

Proof. To show that tt^j, : GL'^ GL^ ^ is surjective is equivalent to proving that for any 50 + giS + 
• ■ • + gk-iS'^^^ G GL^j, there exists ipk G I'^i^ such that 

go+giS + ---+ gk-iS''-' + (^fc G GL^. (4.33) 

Assume for the moment that (j4.33p holds. We shall draw a consequence from it. By (|4.3ip . gQ+giS+- ■ ■ + 
gk~-iS''~^ is in GL^ ^ if and only if go is invertible. Decompose tfk = ctkS'^go + at+i, where ak+i G -^^^+1- 
Choosing N & N large enough so that I — j^a^S^ G GL°^, we obtain 

/ 1 \^ 

GL^ 3 h--akS''j {go + giS+---+gk-iS''-' +akS''go + ak+i) 

^ 9o + 9iS+---+gk-iS''-^ +(Pk+i, (4.34) 
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where 




{-iy—{akS''Y I {go + giS + ■ ■ ■ + gk-iS''-^ + akS'^go + ak+i) 



+ Qffc+i - akS (giS 



gk-iS' 



otkS'go + ak+i) e I- 



+ ,k+l- 



(4.35) 



Therefore, \i g^ + giS +■ ■ ■ + gk-iS +ipk ^ GL^ for some ipk e Z^^, then there exists some fk+i G -^+°fe+i 

such that go + giS H h gk-iS^~^ + '/'/c+i e Gi^f . 

Now we prove the proposition by induction on k. 

If k — 1, then go G GL'^ by definition. Next, let us assume that (|4.33p holds. As we just saw, it follows 
that (|4.34p holds. Consider then 50 + giS + • • ■ + gk^iS'^~^ + gkS^ G GL^j. and decompose it in the group 
GL'^j, asgo+giS+---+ gk-iS^-^ + gkS^ = (I + gkS^go^) (.go + .gi^ + ■ • • + gk-iS^-^). Let us assume, 
that ll^fcll < min(l, ||go||) which implies that \\gkSgo^\\ < 1 and hence that 1 + gkS'^gg^ G GL^. By (|4.34p 
there exists (pk+i G I+.k+i snch that 50 + .giS" + • • • + gk-iS^~^ + '■Pk+i G GL^ . Thus we get 



(I + gkS'^go ')(.go + .giS" + • ■ • + gk-iS" ' + ipk+i) = go + giS + ■ ■ ■ + guS" + tpk+i G GL'^ 



for 



^fc+i = (I + gkS''go^)^k+i + 5fc5'=(?o-i(5iS' + • • ■ + gu-iS''-^) G / 



+,fc+i 



which proves the assertion (|4.33p for any element in the connected component of GL'^ ^. Since {I + gi5 + 
■ ■ ■ + gkS'' I gi, . . . ,gk diagonal operators in L°°} is a connected Banach Lie subgroup of the connected 
component of GL'^ ^ and any element of GL'^ ^ can be written as a product of an element of this group and 
the Banach Lie subgroup GL"^ ^ of diagonal operators, it follows that (|4.33p holds for any element in GL"^ j^. 



In the Banach Lie group {GL°^f., oj,), the inverse g ^ = ffg ^ 
+ gk-iS''^'^ G GL'f'j^ is given by 



hiS 



hk-iS" ^ of 5 = 50 



^^p = -9o ^ 



Y.Y.^-ir~'g^,s^H9o'9^2) ■ ■ ■ s^^{9o'9.,) • • • s^^{go'9^^ 



(4.36) 



1 < p < fc — 1, where the second sum is taken over all indices {ii, . . . , v, ji, . . . , jr} such that ii + ■ ■ ■ + ir = p 
(equality between the iq is permitted), < ii, ■ ■ ■ ,ir < P, ^ < ii — ji < j2 < ■ ■ ■ < jr — P — ir < P ~ ^- For 
example, here are the first elements: 

hi = -go^gis{go^) 

h2 = -go^ [52 - 315(30^^31)] s'^igo^) 

= -go^ [33 - 32S^(3(7^3i) - 3is(3(7^32) + 3is(3cr^3i)s^(3cr^3i)] s^{9o^)- 

Coinduced Banach Lie-Poisson structures. After these preliminary remarks and notations let us apply 
the results of the previous section to the Banach Lie-Poisson space L^. We shall drop the upper indices "ind" 
and "coind" on the Poisson brackets because it will be clear from the context which brackets are induced 
and coinduced on various subspaces. 

We start with points (i) of Proposition 12.21 and Proposition 12.41 So let us consider the diagram 




where we recall that 'Ks,Trs.+,T^+ and 7r_ are the projections onto the ranges of Rg, Rs+, R+, and i?_ 
respectively and tg, ts,+ , t+, and t_ are inclusions. We see from the above that the assumptions in part (i) 
of Proposition 12.41 are satisfied because (/j]_ i)° = is a Banach Lie subalgebra of (L^)* ~ L°°. Thus we 
can conclude the following facts. 
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(i) By Proposition 12.41 (i) it follows that and are isomorphic Banach Lie-Poisson spaces with the 
Poisson brackets defined by formula (|2.17p . They are given, respectively, by 

{f,g}s{<j)^Ti-{is{a)[D{fo7Ts){is{<j)),D{go7Ts){is{<Jm (4.37) 
for cr E Lg and f,g e C°°(i;^) and 

{/,5}-(p) = Tr(._(p)[Z?(/o7r_)(._(p)),i?(.9o^_)(t_(p))]) (4.38) 
for peLl and /, 5 G C°^{Ll). 

The linear continuous maps $_^5 := 7r_ o (.5 : — > L\_ and $s,- := tt^ o t_ : ^ Lg are mutually 
inverse isomorphisms of the Banach Lie-Poisson spaces {Lg,{,}s) and (LL, {,}_). The coadjoint 
actions of the Banach Lie group GL"^ on and are given by 

(Ad+);-ip = ^_(gi_(p)g-i) for p e LI (4.39) 

(Ad^);-ia-7rs(5is(a)5-i) for a e L]. (4.40) 
and g e GL^. Differentiating these formulas relative to g at the identity, we get 

(ad+)>--7r_([a;,._(p)]) for pell (4.41) 

iad''):a = -7rsi[x,Lsia)]) for a £ (4.42) 

for X £ L^. The isomorphisms $-.s : -^5 — *■ and <i>s,- : Lg are equivariant relative to these 

coadjoint actions, that is, 

(Ad^);-i o = $s,_ o (Ad+);_i (4.43) 
(Ad+);-i o = o (Ad^);-i (4.44) 

for any g e GL^. 

(ii) By (11221), is the predual of the two Banach Lie algebras I^^ and L'^. Thus ([QO]) - fjAl^ and 
point (ii) of Proposition [2T4] imply that carries two different Lie-Poisson brackets, namely by p.l7p 
we have 

{f,g}+{p)^Tr{i+{p)[D{fo7r+){i+{p)),D{go7r+){i+{pm (4.45) 

and 

{/, g}sAp) = Tr (Ls+{p) [D{f o 7ts,+){ls,+ {p)), D{g o 7rs,+)(ts,+ (p))]) , (4.46) 
where pe 4,1, /, 5 e C-(/|^i)- 

The coadjoint actions (Ad^)* and (Ad )* of the groups GI'^i and 0°° respectively on Jj]_ ^ are given 

by 

{Ad-)l-^p = ^T+{hL+{p)h-^) for heGI^^i (4.47) 

and 

(Ad^);-ip = 7rs+(gt5.+ (p).9"') for g £ 0°° (4.48) 
where p G x- We shall not pursue the investigation of this interesting case in this paper. 
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Induced Banach Lie-Poisson structures. We begin with the study of the lower triangular case. Denote 
by : ^ the inclusion and let lZ\ ■ t-.fe j,^ ^ ^ be its inverse (defined, of course, only 
on the range of t-,fc). Then l*_ : L'^ ^+ fc- Since kertl ^ = is an ideal in L^, by Proposition 12.11 
we have (Ad^)*_it_.fe(L|': j.) C i_.fe(iL fe) for any g G GL^. Therefore there are GL"^ and i!p coadjoint 
actions on ^ defined by 

(Ad+^^);_,p:-.:;,(7r_(.g(Lo,_^fe)(p).g-i)) for p e LI^^ and g £ Gi^ (4.49) 
(ad+''=);p := /,I^fe(7r_[a;,(t_ ot_^fe)(p)]) for p^L^^^ and a; G i^. (4.50) 

Since the action (|4.49p is trivial for all elements of the closed normal Lie subgroup Gl^f., it induces the 
coadjoint action of the group GL'^,^ ^ GL'^/GI^^. given by that will be also denoted by (Ad"'"''')*. 

Similarly, the Lie algebra action (|4.50p is trivial for all elements in the closed ideal I^/^ so it induces the 
coadjoint action of the Lie algebra L'^ ^, = L°°/I^f, on L\ ^ denoted also by (ad"'"''')*. 

One can express (|4.49l) and (|4.50p in terms of the expansions p = po + pi + ■ • • + {S'^Y^^ pk-i G L\_ j,, 
X ~ X{) + xiS + ■ • • + Xk-iS'^^^ G fe, and g = go + giS + • • • + gt-iS''^^ G GL^j. in the following way 

k—l 

(Ad+'');-iP = E {S'^y"-'A^'{~^\91))PAI (4.51) 
where the diagonal operators hi are expressed in terms of the gi in ()4.36|) . and (using (I4.18P ) 

k-l k-1 

(ad+'^)% = Y.^S^y E {^'^'{P^^^-i) - P^s'i^^-,)) ■ (4.52) 

By (|4.30p and (|4.19p . the Lie-Poisson bracket on ^ is given by 
{f,g}k{p)^Ti-{p[Df{p),Dg{p)],) 

k-1 I 

-EETr 

1=0 i=0 

for f,g € C°°{L\^ j,), where j^{p) denotes the partial functional derivative of / relative to pi defined by 

Dfip) = ^(P) + • '■+s^{p)S''-'. 

If in the previous formulas we let fc = cx) one obtains the Lie-Poisson bracket on Ll_. Indeed, the 
Lie-Poisson bracket {f,g}- on Ll_ given by (|4.38p expressed in the coordinates {piji^o equals (|4.53p for 
k = oo. 

Proposition 4.2 The Lie-Poisson bracket (|4.53p on L\_ coincides with the induced bracket (|2.9p deter- 
mined by the inclusion L^^k ■ ^ LL and the Lie-Poisson bracket ()4.38p on LL. 

Proof. We need to prove that the induced bracket (|2.9p evaluated on two linear functionals x,y G L'^ ^ = 
{L\_ j,)* G C°°{Ll_ J.) coincides with [x,y]k- To see this we note that D{xoLZ\°Lt-,k)iL-,k{p)) = i^+^kX G L"^, 
where i+^fc : L^ ^. ^ L^ is the inclusion. Then, a direct verification shows that for any p G L^ ^ we have 

{x.yV'^ip) = {[i+,kX,i+^ky\,i-,kP) =Tr([a;,y]p) = Tr ([x, yj^p) 

by Km . ■ 

Let us study now the symmetric representation of {l^- fc, '}-.kj for A; G N U {oo}. This will be done 
by using the Banach Lie-Poisson space isomorphism '^s.- tts o i_ : LL Lg. Let 7r_.fc : LL L\_ and 
T^s.k ■ Lg — > Lg f. be the projections with the indicated ranges and Ls^k ■ L^s k ~^ inclusion. Define 

^s,-,k T^s,k o $5,- o i'-,k ■ L\ j. ^ Lg J.. The following commutative diagram illustrates these maps: 



Vopi Vo/Oi-i / opi \opi-i J J 
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S.-.k 



Tl 

^S,k 



Pushing forward the Poisson bracket {•, - Jk on L]_ by the Banach space isomorphism endows Lg j, 

with an isomorphic Poisson structure denoted by {•, ■}s,k- From Propositions 12.41 and 14. 2i aU the maps in 
the diagram above are hnear Poisson maps, with the exception of vr^jt and irs^k which are not Poisson. 
Recall that GL"^ acts on Ll_ and by (|439l) and (1440]) respectively, and that GL^ (and hence GL^,,) 
acts on ^ by (|4.49p . Using the isomorphisms ^s,- and ^s.-.k to push forward these actions to Lg and 
J., respectively, all the maps in the diagram above are also Gi^-equivariant. Consequently, one has the 
GLI^-invariant filtrations 

^-MLl,2) i-ALl^k) ^...-^Ll (4.54) 

^5,1(^5,1) '^5,2(^5,2) ^ • • • ^ is,fe(is,fc) ^ ts,fe+i(is,fc+i) ^ ■ • • ^ (4-55) 



of Banach Lic-Poisson spaces predual to the sequence 



i+ ^ • ■ • ^ ^ ^ . . . ^ ^ (4.56) 

of Banach Lie algebras in which each arrow is the surjective projector 7r^J°j, j, -^ : i+ that maps 

fc-diagonal upper triangular operators to (fc — l)-diagonal upper triangular operators by eliminating the fcth 
diagonal. We have tt^). o tt^^, = 7r|^fc_i. 

5 Dynamics generated by Casimirs of L^iH.) 

We begin by presenting Hamilton's equations on and Lg given by arbitrary smooth functions h and / 
defined on the relevant Banach Lie-Poisson spaces. Using formula (|2.18p of Proposition 12.21 one obtains 
Hamilton's equations 

^p = n^(\D(hoTr)U{p)).L^{p)]) for p e LI and /i £ C°°(LM, (5.1) 
at 

j^a = TTs{[D{fo7rs)(Ls{<j)),is{'r)]) for a e 4 and / £ G°"(4), (5.2) 

on the isomorphic Banach Lie-Poisson spaces (L^, {•,•}_) and {Lg,{-,-}g); from S]3] we know that this 
isomorphism is ^s,- '■= Trg o i_ : (L^, {•, •}_) (Lg, {•, - js)- Therefore, if / o <i>s._ — h then equations 
(|5.ip and (|5.2p give the same dynamics. Recall that 7r_ : ^ LL and tts L^ ^ Lg are, by definition, the 
projectors Pi + Pq : ^ and its := Pi + Pq + T o Pi : ^ L^ considered as maps on their ranges 
(see (|4.23p and the subsequent comments) and i_ : LL ^ L^ , ls Lg ^ L^ are the inclusions. 
Now let us observe that the family of functions // G C°°(P^) defined by 

Ii{p):=jTtp^ for leN (5.3) 

are Casimir functions on the Banach Lie-Poisson space (i^, {•, •}). This follows from (|4.ip since one has 

DIi{p)^p'-^ eL^ ClL°-^{L^y. (5.4) 

Restricting to t_ : Ll_ ^ L^ and : Lg ^ L^ we obtain for alH G N 

ir{p):^Ii{i-{p)) for peii (5.5) 
/f (a) := /z(6s(a)) for a G P^. (5.6) 
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According to Corollarv l2.3r i). (|5.5p and (|5.6p form two infinite families of integrals in involution 

{/r,/,;}-=0 and {/f,/^Js = for l,m€N. (5.7) 

Since if o $5^_ 7^ Ij^ , the Hamiltonians /j^ and if define on (LL, {•, •}-) (or {Lg, {■, - js)) different families 
of dynamical systems. 



Firstly, we shall investigate the systems associated to the Hamiltonians Ij^ given by ()5.5|) . As we shall 
see, the framework of the Banach Lie-Poisson space (LL, {•, •}-) is more natural in this case. Hence, taking 
into account Corollarv l2.3f ii). substituting into (|5.1|) . then applying i_ to (|5.ip . and using (|5.4p . yields 
the family of Hamilton equations on Ll_ 



dti 

or, equivalently, in Lax form 



= (Pi +Po') [{P^+Pn {[i-{p)r'),^-{p)\ (5.8) 



^'-^'^ [P- ([.-(p)]'-^) ,.-(p)] = [P^ ([._(p)]'-i) ,._(p)] , (5.9) 



9iz 



where ti denotes the time parameter for the flow. 

Equation (|5.8p implies that its solution is given by the coadjoint action of the group GL^ on the dual 
LL of its Lie algebra. Hence, there is some smooth curve M.3ti^ h+{ti) e GL^ satisfying (Ad+)* ,^ , ^ o 

(Ad+)L(.,)- = ^^chthat 

L^ipiU)) = (Ad+)*^(,,)_,p(0) = (Pi + Pj) {h+{ti)L.{piO))h+iti)-') (5.10) 

is the solution of (|5.8p with initial condition p(0) for = 0. 
On the other hand, the solution of (|5.9p is given by 



L-{p{ti)) - ;i_(tO"'t-(p(o))/i-(iO, (5.11) 

for a smooth one-parameter subgroup M 9 ^ /i_(t;) G GLf° that can be explicitly determined. We shall 
do this by using the decomposition t-(jo) = po + P-, where p_ = J2^i(^'^)^Pi ^^^^ G if i G N U {0}. 
Since Pg° ([t- (p)]'"^) = Po~\ equation ([SJ]) becomes 



which is equivalent to 

—p_^[p'^-\p_] and ^Po = 0. (5.12) 
It immediately follows that its solution is given by (|5.1ip with 

/i_(i;) ^e-^'^^^o)'"', (5.13) 

where p{Q) = po(0) + P-(0) is the initial value of p at time = 0. 

Note that h-{ti) G GL"^ is in fact a diagonal operator which can also be obtained from the decomposition 

gt,[^-(p(o))]'-^ ^ k-{ti)h-{ti)-\ (5.14) 

where k^iti) G GI°°i. It follows that we can write the solution also in the form 

L^ipiU)) - k^iU)-' [i-ipiO))] k^iU). (5.15) 

Finally, note that in ()5.10p we can choose h+{ti) = h-{ti) since also h-{ti) G GL^. 

Let us analyze the system (|5.9p in more detail. We begin by noting that there is an isometry between £°° 
and the diagonal bounded linear operators C L°° and between £^ and the diagonal trace class operators 
Lq C L^. Fix a strictly lower triangular element 

= ^(S'^)V, G where fc G N U {cx)} (5.16) 
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and define the map Jy_ : y, t ^ L\ 

J,_(q,p) :=p + e'ii._e-'i, (5.17) 

where, on the right hand side, we identify p and q with diagonal operators and e'' is the exponential of q. 
It is easy to see that this map is smooth and that Jv_ (q, p) = Ju_ (q + al, p) , for any a G R. We shall 
prove in Proposition [O] that if = {S'^Y~^V}^^x G -^-fc+i fei the map Jn^ : x £^ I'^ ^ the 

space of bidiagonal trace class operators having non-zero entires only on the main and the lower (fc — l)st 
diagonal, is a momentum map in the sense of Definition 13.21 

We shall argue below, in analogy with the finite dimensional case, that (q, p) can be considered as angle- 
action coordinates for the Hamiltonian system (|5.9p . We begin by recalling that the solution of (|5.9p is given 
by i-{p{ti)) = h_{ti)-h^{p{Oj)h_{ti), where h_{ti) = e-^'Po'-°^''\ p{0) = po{0) + P-{0) G Ll is the initial 
value of the variable p ai ti — 0, po Lq a, diagonal operator, and p_ a strictly lower triangular operator. 
Therefore, h-{ti)h^{tm) = h^{tm)h^{ti) for any Z,m G N and hence the product 

oo 

h^(t) :=/i_(ii,t2,...) ■.= \{h^{ti) (5.18) 

1=1 

is independent on the order of the factors and it exists as an invertible bounded operator if we assume that 
t := (<i, <2, • • • ) ^ ^0° which means that t has only finitely many non-zero elements. 
One also has 

hAt)-^J,_{ci,p)h^{t) = J,_(^ + Yjipo{Oy-\^ for t^i^, (5.19) 

which shows that the flow in the coordinates (q, p) is described by a straight line motion in q with p 
conserved. If this would be a finite dimensional system, since (q, p) are also Darboux coordinates (see (|3.3p 
or (|3.4[) ). we would say that they are action-angle coordinates on x t^). 

In infinite dimensions, even the definition of action-angle coordinates presents problems. First, if the 
symplectic form is strong, the Darboux theorem (that is, the symplectic form is locally constant) is valid; 
see the proof of Theorem 3.2.2 in [I]. Second, if the symplectic form is weak, which is our case, the Darboux 
theorem fails in general, even if the manifold is a Hilbert space; Marsden's classical counterexample can be 
found and discussed in Exercise 3. 211 of [Ij. Third, even if one could show in a particular case that the 
Darboux theorem holds, there still is the problem of coordinates. In the case presented above, the action- 
angle coordinates were constructed explicitly. In general, on Banach weak symplectic manifolds this may 
well be impossible. 

We return now to the systems described by the family of integrals in involution given by (j5.6p . 
By CoroUarv 12.3^ 11). substituting Ii into (|5.2p . applying ls to (|5.2p . and using (|5.4p . yields the family of 
Hamilton equations on Lg 



dLs{a) 



dti 

or, equivalently, in Lax form 

dis{o- 



P^ + P^+To pi) [(P- + P^+To P-) {[ls{ct)]'-') , isia)] (5.20) 



[{P^-ToP^){[,sia)r^),is{cT)], (5.21) 



dti 

where i; denotes the time parameter for the ^th fiow. 

From (|5.20p it follows that the solution of this equation can be written in terms of the coadjoint action 
of the Banach Lie group GL^ on the dual Lg of its Lie algebra. More precisely, the solution is necessarily 
of the form 

isHU)) = (Ad'')* a{0) = {P'_+P^+ToP^){g+{ti)is{amg+{U)-') (5.22) 

for some smooth curve M. 3 ti i-^ 9+{ti) G GL^ and ct(0) the initial condition for ti = 0. 
On the other hand, the solution of ()5.2ip is 

^sHti)) = gsihf^si'ymgsiti), (5.23) 

where K 9 i— > grs(ti) G 0°° is a smooth curve that will be determined in the next proposition by the same 
method as in the finite dimensional case (see, e.g., [71 [T^ [TOl I23j ). 
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Proposition 5.1 Assume that we have the decomposition (we set here t = ti) 

e*l^si^(°))r' = gs{t)g+{t) (5.24) 

for gs{t) G 0°° and g+{t) G GL°^ . Then 

is{a{t)) : = gs{tf[is{m)]9s{t) = 5+ W^s(a(0))]g+(i)~' (5.25) 
is the solution of (I5.21[) with initial condition 15(17(0)). 
Proof. To prove the first equality in (|5.25p . use (|5.24p to get 

g^(t) = e*[-(^("))l'-\g+(t)~i 

and hence 

.g+(t)e-*[^-(-(°))l'"^ [,^(^(0))]e*['-(-(o))l'-^g^(t)-i = g^{t)[Ls{am]g+{t)-' 

since is{cy{0)) commutes with e*!'^'-'^^^-'''!' \ 

Let bs{cT{t)) := g s{t)~^[t's{o'{^)y\g s{t) ■ Taking the time derivative of (|5.24p and multiplying on the right 
by gs{t)~^ and on the left by g+{t)~^ we get 

M<j{t))t' = gs{t)-'gs{t) + g+{t)g+{t)-' 
which is equivalent to the equations 

gs{t)-'gs{t) = (P- - T o P~) {[cs{a{t))r') (5-26) 
g+{t)g+{t)-' = (P- +PS°+To P-) {[is{a{t))t') . (5.27) 



Therefore 

j^^s(<T{t)) = -9s{t)-'gsit)gs{t)-'[is{<j{0))]gs{t) + gs{t)-'[is{<j{0))]gs{t) 

= - (P- - T o P-) ([.5(a(t))]'-i) _^ (P- - T o P-) {[,sia{t))r') 

which is ((OT|l . ■ 

This proposition shows that the solution (|5.25p of the system (|5.2ip could be expressed using the analogue 
of the Iwasawa decomposition GL"^ — 0°° ■ GL^ ■ GI^^ for the Banach Lie group GL°°. To our knowledge, 
there is no proof of this decomposition and there could be technical difficulties that may even render it 
impossible. However, see the appendix in [18j for the polar decomposition theorem. 

Note also that (|5.25p produces a smooth curve g+{t) G GL^ satisfying (|5.22p even without the projection 
operator in that formula. This follows also directly from (|5.25p and (I4.40p . 

The previous general considerations involving Proposition 12.11 imply that the families of flows given by 
(j5.ip or (|5.2p and, in particular by (|5.9p or (|5.2ip . not only preserve the symplectic leaves of and Lg, but 
also the filtrations (|4.54p and (j4.55p . respectively. This remark has some important consequences which we 
discussed below. 

We turn now to the study of Hamiltonian systems induced on the filtrations ()4.54p and ()4.55p . A 
k-diagonal Hamiltonian system is, by definition, a Hamiltonian system on kT{'''}kj- Since the 

map $s,_.fc : (^L]_ j,, {•, -Ifc^ (^Lg j., {•, - js,*;^ introduced at the end of 52] is a Banach Lie-Poisson space 

isomorphism, we can regard fc-diagonal Hamiltonian systems as being defined also on {"i 'Is.*-'^ • From 

(j4.52p . Hamilton's equations on ( P^ kA'^'}k) defined by an arbitrary function h^ G G°°{L^ f.) are given by 



tor ,.0.1,2,.. (.23, 
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Note that for all n > fc (including n = oo), any hk £ C°°{L\ j.) can be smoothly extended to ft,„ := 
hk o TTfcri G C°°{L\_ „), where T^kn ■ Ll_ „ — > Ll"^ j, is the projection that eliminates the last lower n — k 
diagonals of an operator in iL^„ := ©°^_„_,_ii^. Conversely, any /i„ £ C°°(iL^„) gives rise to a smooth 
function hk '■= hn o t„fc G C°°(L^ ^,), where ink ■ L[_ f. ^ Ll_ „ is the natural inclusion. Since the flow 
defined by /i G C°°(LL) preserves the filtration (|4.54p (see Proposition 12. ip it follows that if the initial 
condition p(0) G ^ its trajectory is necessarily contained in V-_ j.. This means that in order to solve the 
system (|5.28p for a given fc G N, it suffices to solve the Hamiltonian system given by the extension of /i^ to 
{■, •}_) for initial conditions in L\_ j,. 

Let us now specialize the functions hk G C°°{L\ ^) and fk G C°°(Lg j,) to 

i;'\p):=I^ {L-,k{p))=Ii{{i-Oi-^k){p)) for peLl^k (5.29) 
lf^\a):=li' {Ls,kW))^Ii{{LsoLs.k){'j)) for a G 4,^, (5.30) 

respectively, where : L\ f. ^ LL and is^k '■ k ^ -^s inclusions. Note that since lf ''^o^s,-,k 

I^'^ , the dynamics induced by the functions /; and if'^ are different in spite of the fact that the Poisson 
structures on L\ f. and ^ are isomorphic. Therefore, we see that on has the family of Hamiltonian systems 
indexed by fc G N which have an infinite number of integrals in involution indexed by Z G N. For fc = 2 
the system is the semi-infinite Toda lattice. Therefore, the k-diagonal semi-infinite Toda systems are 

1 S k 

defined to be the Hamiltonian systems on Lg f, associated to the functions /j ' , Z G N. 

An important consequence of the fact that the Poisson brackets on L\ and f, are induced is that the 

method of solution of the corresponding Hamilton equations for /;~''^ and /j^'*^, respectively, can be obtained 
by solving these equations on and Lg respectively. Namely, it suffices to work with the equations of 
motion (|5.9p and (|5.2ip with initial conditions p(0) G k and a{0) G j,, respectively, and use Proposition 
15.11 We shall do this in the rest of the paper for a special case related to the semi-infinite Toda system. 

6 The bidiagonal case 

In this section we shall study in great detail the bidiagonal case consisting of operators that have only two 
non-zero diagonals: the main one and the lower fc — 1 diagonal. The results obtained in this section will 
be used later to give a rigorous functional analytic formulation of the integrability of the semi-infinite Toda 
lattice. 

The coordinate description of the bidiagonal subcase. Due to their usefulness in the study of the 
Toda lattice, we shall express in coordinates several formulas from |j4] adapted to the subalgebra f. -^ C 
fc, k >2, consisting of bidiagonal elements 

oo 

X -.^ xo + Xk-iS''^^ = ^ ixo,ii\i){i\ + Xk-i,ii\i){i + fc - 1|) , (6.1) 

where xo,Xk-i are diagonal operators whose entries are given by the sequences {a;o,ii}i^O' {^fe-i,"}i^o ^ 
respectively. The subalgebra I^q of L^j^ is hence formed by upper triangular bounded operators that 
have only two non-zero diagonals, namely the main diagonal and the strictly upper fc — 1 diagonal. 

The predual of /^g f^_^ is /I q which consists of lower triangular trace class operators having only 
two non- vanishing diagonals, namely the main one and the strictly lower fc — 1 diagonal (fc > 2), that is, 
they are of the type 

oo 

p = Po + {S'^-YPk-i = iPoMi){^\ + Pk-i,u\i + k- , (6.2) 

i=0 

where po and pk~i are diagonal operators whose entries are given by the sequences {po.ii}i^o^ {Pfe-i.iiliSo G 
i^, respectively. The Banach Lie subgroup GI^q of GL'^i^ whose Banach Lie algebra is I^q k-i has 
elements given by 

oo 

9 = 90+ 9k-iS''-^ = J2 (5o,^^l^)(^l + 9k-l,^^\^){i + fc - 1|) , (6.3) 

i=0 
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where go and gk-i are diagonal operators whose entries are given by the sequences {go,ii}^o, {gk-i,ii}i^o G 
£°°, respectively, and the sequence {go,ii}i^o bounded below by a strictly positive number (that depends 
on go). 

The product of g,h G GI^q in GL°^ j, is given by 

gokh = goho + {gohk-i + gk-is''~^{ho))S''~'^ 



= ^ go,M/io,u|i)(i| + ^ {giihk-i,ii + gk-i,uho,i+k-i,i+k-i) \i){i + k-l\. 



(6.4) 



i=0 



1=0 



and the inverse of g in GL^/, is given by 



g-' = 9o' - go'9k-is'-\9o')S'-' = E -^m\ - E 



gk-1,, 



90,ii ~^ 90,ii90,i+k-l,i+k-l 



\i){i + k-l\. (6.5) 



The Lie bracket of y e ^+;o.fc-i the expression 

[x,y]k = {xk-iis''~\yo) - yo) - yk-i{s'''Hxo) - xo))S''-'^ 

oc 

= E {^k-l,ii{yo,i+k-l,i+k-l ~ yo,ii) - yk-l,ii{xQ,i+k-l,i+k-l - Xo,u))\i){i + - 1|. 



i=0 



The group coadjoint action ( Ad 



(6.6) 



, ■■ I-flM-i - I-flM-i for 5 := 50 + gk-iS^-' e G/-o^,_i C 

GL^ f. and Lie algebra coadjoint action (ad^'*^)* : /I q f,_-y — > -f 1 fc-i' fo^ x := xo+ Xk-iS^~^ G J^q C 
L^k given by 

* / ^-2 

(Ad+''=)^_^p = po + 50^5^-1^/0-1 -s''"^ {gQ^gk-iPk-i) ( I-^W 



+ (5^)'-^'=-i(,go),%V.-i 

El , gk-l,ii 

I PO,M + Pfe-1, 



i=0 



Pk-l,ii 



gk-lAi 



l.ii " 



50,ii 50,i-fe+l,i-fe+l 
50,i+/c-l,i+fe-l 



i=0 



90y 



-\i + k-l){i\ 



(6.7) 



and 



(^ad+''')^p = s^ ^(pfc-iXfe-i) -pfc_ia;fe_i + (5^)'' Vfe_i(a;o-s'= ^(a;o)) 

00 

+ ~ a;o,i+fe-i,i+fc-i)|i + k- 



(6.8) 



j=0 



where p:= po + {S'^f Vfc-i G -^l,o,fe-i- 

Since {j^ ^ k-ij — ^+,o,k-i duality pairing is given by the trace of the product, it follows that 

the Lie-Poisson bracket and its associated Hamiltonian vector field on /I g fe-i given by 

{/, h}o,k-i{p) 



= Tr 



Pk-i 



■ y^pfc-i,i 



df 
dpk-i 

df 



I f dh\ dh 



i=0 



dh 

dpo J dpoj dpk-i 
dh dh 



ifdf\ df 



dpo J dpo 



dpk-l,ii \dpo,i+k-l,i+k-l dpo,i 



dh 



df 



d_l_ 

dpk-l,ii \dpo^i+k-l,i+k-l dpo^i. 



(6.9) 
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and 



I |t) - |t) ^ - ^ (f) - A 

' dpo/ opoj dpk-i opu~i \ \opoj dpo 



i=0 



dh dh \ d 



dpQJ+k-l,i+k-l dpQ^ii J dpi+k-l,i 

dh f d d 



dpk-l,ii \dpo,i+k-lA+k-l 9po,, 



(6.10) 



for /, h G C°°{ll_ Q Like in 521 in (|6.10p we have used the standard coordinate conventions from finite 

dimensions to write a vector field. The precise meaning of the symbols d/dpk-i = {d / dpi+k-i,i}'i^Q and 
d/dpQ — {9/9o,ii}^o is that they form the Schauder basis of the tangent space Tpl\ q f._^ corresponding 
to the Schauder basis {\i + k — |j)(«|}i^o '^^ ^- o k-i- Thus Hamilton's equations in terms of diagonal 
operators are 

d dh ^ , f dh \ , , 



di'^ V \dpoJ dp, 

or, in coordinates, for i e N U {0}, k >2, 



d dh dh 

-JlPO.ii — Pk-l,ii-^ Pk-l.iiT. ^D.i-ij 

at opk-i,ii apk-i,ii 

d f dh dh \ 

-jrPk-i.ii = Pk-i,ii 7^ ^ • (d-14) 

at \dpa4+k-i,i+k-i dpajij 



Structure of the generic coadjoint orbit. By a generic coadjoint orbit we will understand the orbit 

a := |(Ad+^')*_^i^|5eG/?;o,fc-i}, 

through the element 1/ = i/q + (5^)^^ ^ I'k-i G /I q ^.^^ ^nch that Vk^iM 7^ for j = 0, 1, 2, ... . 

Let us denote by GV^'^^^ the Banach Lie subgroup of (fc — l)-periodic elements of GL^, that is, 
go e GL'^'^~^ if and only if s^~^{g{)) — go. Denote by L^'''~^ the Banach Lie algebra of GL"^'^'^ . 

Proposition 6.1 (i) One has the following equalities 

Z{GI^^o,k-i) = {GIT,o,k-i)^ - GL^''-\ (6.15) 



where Z(GI^q k-i) center ofGI^Q and ySI^Q k-ij stabilizer of the generic element 

^^I-fl^k-i- 
(ii) The generic orbit 

a = G/-o,,_i/Gio°°''-i (6.16) 

is a Banach Lie group. 
(iii) One has the relation 

a = i^o + (6.17) 
between the coadjoint orbits through v = vq + {S'^)^^^Vk~i and through (S*-^)*^ ^ Vk-i- 

Proof. Part (i) follows from a direct verification. Since GLj^''^~^ is a normal Banach Lie group of G/^q ^.^-^^ 

the quotient G/^q ^,_j^/Gi[]°'''^^ is also a Banach Lie group (see [5 ). This proves (ii). Part (iii) follows 
from ^J}). m ' ' 

We conclude from (|6.17p that to describe any it suffices to study coadjoint orbits through the (fc — 1)- 
lower diagonal elements, k >2. 

Since the Banach Lie group GI'^^ and the generic element ly E ^ f._^ satisfy all the hypotheses of 
Theorems 7.3 and 7.4 in nU\ we conclude: 
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• The map 1^, : GI°°q i^_^/GLq ' q fe-i given by iiy([(7]) ■— (Ad ' ) v is a weak injective 

...... . . 

immersion. This means that its derivative is injective but no conditions on the closedness of its range 

or the fact that it sphts are imposed. The map Li, is not an immersion as we now show by using 
Theorem 7.5 in |20] . 

Since the coadjoint stabihzer Lie algebra (^I^q fc-i) equal to the center 

Z{I+,OM-l) ^{x^Xo+ Xk-lS''-^ e l+.0,k-l I s''-\xo) = Xo, Xk-1 = 0} 

it follows that its annihilator is 

{{l+.o,k-i),y = {P = P0 + (5^)'-Vfe-i e /l,o,fc-i I Tr(xopo) = 0, 

for all .To G L"^ such that s'^^^{xo) — xo} . 

Because 

(^a;o ((ad+^'=)*zy) J = Tr (a;o (ad+^'^)*i^) = Tr {[xq, x]ki^) ^ 



Tr 



for any xq G and any x £ /^o,A;-i' '^^ have Si, C (^(^I+fi,k-i^ ) ' where 5,, := | (^ad+'^'j \ x e /^o,fc-i} 

is the characteristic subspace of the Banach Lie-Poisson structure of q at ly. Moreover, the 
bounded operator K^, : x G /_^q <—>■ ^ad^'*^^ v £ q has non-closed range imKi, — Si, and 

thus the inclusion Si, C ((^+^o fc-i) ) strict. To see that the range of Ki, is not closed, one uses 

the Banach space isomorphisms /I q f._^ ^ £^ x £^ and ^ £°° x £°° and shows that the two 

components of Ki, arc both bounded linear operators with non-closed range. Therefore, since Theorem 

7.5 in [20] states that ti, is an immersion if and only if 5*^ = ((^+°'' fc-i) ) ' ^^^^ argument shows that 
Li, is only a weak immersion. 

• The quotient space GI"^!^ f^_^/GV^'^^^ is a weak symplectic Banach manifold relative to the closed 
two-form 

^vi[9\){TgT^{9 °k x),TgTr{g y)) = TT{iy[x,y]k) 

oo 

= ''^l^k-lAi{xk~l,ii{yo,i+k-lA+k-l ~ Vii) — Vk-lSi{xo,i+k-lS+k-l —XQSi))i (6.18) 

where x,y G g G G/^o^fc-i, [5] := ^(g), tt : G/^o,.-! ^ GI^^^j,_JGL^^''-^ is the 

canonical projection, and Tgir : TgGI^Q i._i — > T[g] ^G/^o.fe-i/^-^iT'''^^) i^s derivative at g. In 
this formula we have used the fact that the value at g of the left invariant vector field on GI^q 
generated by x is g x. 

• Relative to the Banach manifold structure on O,, making Li, : GI^^ fc- 1/^-^0°'*^^^ — * into a 
diffeomorphism, the push forward of the weak symplectic form (j6.18p has the expression 

Xp) (^(ad+^'=)*p, (ad+''-)*p) ^TT{p[xMk) 



^'^Pk-l,ii{xk-l,ii{yo,i+k-l,i+k-l ~ yo.ii) — 11(2^0, i+fc-l,i+fc-l — Xo^ii)), (6.19) 



1=0 



where x,y £ I^q /.^^ and p G 0„. 

We shall express the pull back 7r*a;y of the weak symplectic form in terms of the diagonal operators 
represented by {go,ii}i^o ^ ^^'^ {fffc-i.iili^o ^ defining the element g G G/^q^.^^. If cc = + 
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Xk-iS''~\ y^yo + Vk-iS^-^ e I+^.k-i^ ^'^^ + {S^f-^vk-i e ^i^o,fc-i' yields 

{■K*uj^){g) {g Of, X, gof,y) ^ ^i.([.9]) {TgTT{g Ofc x), Tg7r(.g oj. 2/)) = Tr(t/[a::, y]k) 

00 

= ''^'^k-l,u{xk-lAi{ya,i+k-l,i+k-l — yo,ii) ~ ^fc-l, 21(2^0, i+fe-l,i+/c-l ~ 2;o,,;i)), (6.20) 



i=0 



where has the diagonal entries {i^k-i,ii}iZo- The left invariant vector field on GI^q generated 
by X has the expression 



— ^ fJOAiXo,-, 



d 



i=0 



dgo,i 



{gO,ii^k~l,ii + gk~l,iiXO,i+k~l,i+k-l) 



d 



i=0 



dgk-iA 



The symbols {d/dgo.u, d/dgk-i,ii}'i^Q denote the biorthogonal family in the tangent space Tgl^^ corre- 
sponding to the standard biorthogonal family + k — l\}jZo in /^g We shall use, as in finite 
dimensions, the exterior derivative on real valued smooth functions, in particular coordinates, to represent 
elements in the dual space. With this convention, we have 



TT*uj^ = ^ dloggo,ii A d ( I'k-i 



i=0 



gk-l,i' 

i 

90,ii 



I'k-i, 



9k-l, 



go,i-k+lA-k+l 



(6.21) 



where, as usual, any element that has negative index is set equal to zero. To show this, we evaluate the 
right hand side of (|6.2ip on ^a, and ^j, and observe that it equals the right hand side of (|6.20p . Note that 
the computations make sense since i^k-i G 

The action of the coadjoint isotropy subgroup ^G/^q f._^^ — GL"^'^"^ on G/^q f^_^ is given by g^^u 1— > 

ho,ii9o,U: 9k-i,ii ^ hoAigk-i,ii, where /lo.ii = /lo.i+fe-i.i+fc-i- As expected, the right hand side of (|6.2ip 
is invariant under this transformation and its interior product with any tangent vector to the orbit of the 
normal subgroup Gij^''^"^ is zero. This shows, once again, that (|6.2ip naturally descends to the quotient 

group G/-o^,_i/Gio°°''"'. 

In order to understand the structure of O^, define the action a'' : GI^q x L^_^.^i L^-k+i 



T\k-1 „k-l 



(6.22) 



The projector 5'' 



,0,fc-l 



L-k+i defined by the splitting /l,o,fe-i = ^-k+i © is a GI'^q ,._i- 



equivariant map relative to the coadjoint and the a -actions of GI^q that is, the diagram 



n 

-'-.O.fc-l 



ri 

^-k+r 



Ad- 



n 



5^ 



ri 

^-k+l 



commutes for any g G GI^q We observe that the stabilizer GL"^'^ ^ of the a'^-action does not depend 
on the choice of the generic element (S'"^)'^ ^ Vk-i G L\_^. The orbits of the coadjoint action of the subgroup 
GL^'^'^ on {5'')-'^{{S'^Y-'^Vk-i) are of the form 

where 

^uo,u^^^ ■■= + imAA^.,-_i C Ll (6.23) 
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are afRne spaces for each vq G Lq and the Unear operator ACfc_i : ^ L\ is defined by 

:= Vk-igk-i + s{yk-igk-i) 

The orbits of the a'^-action of GI^q on L^i^_^_i are 

GI^,o,k-i ■ {{S^)''-'^k-i) = {iS^)''-'s''~\go)go'i^k^i I 5o e GL^} =: A,,_,. (6.24) 

Note that if Aj^^. ^ = A^^ ^ then imA/'j/^_i = imA/^y^ ^ and so A^^^^^ -^ — A^^^y^ ^. These remarks show that 
the coadjoint orbit 0„ is diffeomorphic to the product (i^o + ^J^J^Vk-i) ^ ^i^k-i of the afhne space Ay^ jy^ ^ 
with the a'^'-orbit A,yj^_j. This diffeomorphism does not depend on the choice of (5''^)'^"^t^^_i £ ^vk-i- 
Additionally, one identifies the set of generic coadjoint orbits with the total space of the vector bundle 
Lfc — > /a''{GL^), whose fiber at is Lq/ imM^^_-^. The vector space Lj/ im7Vt/j,_j^ is not Banach 

since imM^i^ -^ is not closed in Lj because the operator ■ — *■ is compact. Consequently, the 

bundle — > /a'^{GLf^) does not have the structure of a Banach vector bundle and does not have fixed 
typical fiber. 

The momentum map. Let us now study an important particular case of the map J'^_ by taking in (|5.17|) 
the element v- {S'^)''-^Vk~i e L'^k+i ^ ^-.fc- The map ()5.17|) . denoted in this case J7i/j._i : x £^ ^ 
I- k-iJ becomes 

(q, P) = P + (5^)'=- Vfe_ie^'"'('i)-'i. (6.25) 

Recall that wc identify 1^ with Lq and £°° with Having fixed {S'^)'^^'^i'k-i £ L^k+i' define the action 
of G/^o.fc-i on X by 

<-Uq,p) := 

(q + log.9o,P + gfc-i5o"Vfc_ie'^''"(i)-'i - S^-' [gk-igoW^ie'""''''^-'')) , (6.26) 

where g '■= go + gk-iS'^^^ e GI^^ f^_i and (q, p) e x i^. The coordinate form of the action (|6.26p is 

= +log5o,M (6.27) 
p'^=p, + 3hzh^uk-i,ue'^''+^-''^ - -^^^^,yk-i,ue"-' (6-28) 

gO,ii go,k-l.k-l 

for i e N U {0}. Using (pTTT)) and one shows that 

OO OO 

i=0 i=0 

where the function Q : £°° ^ R is given by 

OO 

Q(q) Tr (g^'gk-ii^k-ie^'^"^''^-'') = V ^^z.fe_i...e'''+-"= . (6.29) 

Thus we see that uj is invariant relative to the <T'^'=-i-action, that is , (o-g''"^)* lo — uj for any g e G/^q 

Proposition 6.2 The smooth map Jv^._^ : x^^ ^ /I q given by (|6.25p is constant on the cr^''-^ -orbits 
of the subgroup GL'^'^^^ . In addition: 

(i) Jvk-i is a momentum map. More precisely, {/ o Jy^_^,g o Ju^_^}uj = {/, .g}o,fc-i ° Jy^-i' 1°''' 
f,g G {I^ Q , where {^-ji^ is the canonical Poisson bracket of the weak symplectic Banach 
space , given by p.7p and { , }o.fc-i is the Lie-Poisson bracket on /I q j, -^ given by (j6.9p . 

(ii) Jvu-i «s GI^Q f^_^-equivariant, that is, Jv^-^ ° "'g''"^ = fAd"''"') _^ o J^^_-^ for any g G G/^g 
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(iii) Onehas J,,^_^{£°°x£^) = (6'')-'^ (^^.-i) and J^^_^{e'^ x{0}) = A^,_^ and hence {i"^ x£^)/(t''>'-^ {GL 
^'^k-i{^°° ^ consists of those coadjoint orbits which are projected by 5^ to the -orbit Ai^^ ^ 

Proof. To prove (i), let /, 5 G C°°(/l q and notice that 



oc.k 




dq 



e{L°°)* and 



dp 



because q £ L°° and p £ L^. However, by (|6.25p 



dq \dpk-i 
since (pfe-i oXfc_i)(q, p) £ and 



(q,p) {Pk-i o J.,_0 (q,p)(5"-i - I) £ 



difoJ.k^J fdf \ 



(6.30) 



(6.31) 



Note that (lOnH impUes that / o J'^^_^ £ C^(£°° x l'^) for any / £ C°°(/l ^ ^.J. 

Thus, using the formula for the canonical bracket on the weak symplectic Banach space {£°° x £^,uj) and 
the fact that the duality pairing {L°°)* x L°° M. restricted to x L°° equals the trace of the product, 
we get 

{/o J';.,_i,.goXfe_i}^(q,p) 

dq ' dp / \ dq ' dp 



= Tr 



(p.-l o (q,p) (^(S'^-'-I) o J-.,_^^ (q,p) (^JL_oJ,^_^ ) (q,p) 



(dl 

({/,5}o,fc-io Ji^fc-i) (q,p 



_(S'.-._„(^^„X._.)(q,p)(3|^oX._.|(q.p) 



by dSll). 

Parts (ii) and (iii) are proved by direct verifications. ■ 

Let us define the map ^""-^{g) : GI^q i^_-^ x by 

^'"'-'{9) :=(T^'=-i(0,0), 

or, in coordinates, 

*'''"'(ffo,.gfc-i) {\oggo,gk-igo^vk^i - ~s^^^ {gk-Wo^ Vk-i)) , 
which shows that ^'^'^-^ is smooth and injective. 
Proposition 6.3 The following diagram 



(6.32) 
(6.33) 



),/c-l 



"-^-' + ,0,fe-l 



X {p} ^ L^''^-! X {p} 



i°° X 



^^+,0,k-l/^^0 



oo,k—l 







commutes. The first row is an exact sequence of Banach Lie groups. The second row is also exact in the 
following sense: the map J^y^_^ is onto and its level sets are all of the form L^'^ ^ x {p}, where p £ L^. 
In addition, 

($'''=-i)*w = ^*^.fe-i. (6.34) 
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where uj and LOuk-i ^.^^ weak symplectic forms <\'S.'S^ and (j6.2ip on x £^ and GI^^ f^_^/GL'^' ' ^ 
respectively. We also have 

^""-^ {iT-\[9])) = J-l^{i.,_Am (6.35) 

for any g G G/^p 

Proof. Commutativity is verified using (|6.7p , (|6.25p , and (|6.32p . The identities (|6.34p and (|6.35p are obtained 
by direct verifications. I 

Remarks, (i) The analysis of the coadjoint orbit Oi, = GI^^ k-i/^^T'^~^ through the generic element 
v G -^lofc-i carried out in this section shows that it is difFeomorphic to A^^^^,^ -^ x A^^^ -^. For an arbi- 
trary (I'o-i^fc-i) e A^o,^^_^ X A^,_^, the manifolds i-^_^iWo} x A^,„J) and l-^^^{A^„^^^_, x Wk^^})) are 
Lagrangian submanifolds in the sense that their tangent spaces are maximal isotropic. 

(ii) If fc = 2 we have /I 1 — ^- 2 ^^'^ G/^q i = GL^2- If; iii addition, we consider the finite dimensional 
case, that is, instead of XL 2 work with the traceless n x n matrices having non-zero entries only on the 
main and the first lower diagonals, then jTi^j is a symplectic difFeomorphism of M^("^^\ endowed with the 
canonical symplectic structure, with a single coadjoint orbit of the upper bidiagonal group through a strictly 
lower diagonal element all of whose entries are non-zero (see [12] or, in tridiagonal symmetric formulation 

mm)- 

(iii) If fc = 2 and we consider the generic infinite dimensional case, that is, i>i has all entries different from 
zero, then the map jT^j does not provide a morphism of weak symplectic manifolds between £°° x £^ and a 
single coadjoint orbit of GL°^2- The relation between these spaces is more complicated and is explained in 
the diagram of Proposition 16.31 Each Gi^^a'Coadjoint orbit through a generic element S'^vi is only weakly 
symplectic and Poisson injectively weakly immersed in L\_ 2 but not equal to it. 

(iv) If fc = 2 and we consider the infinite dimensional case with vi having also some vanishing entries, the 
structure of the GL"^ 2~'^oa.(liovat orbit through S'^vi reduces to the two previous cases as we shall explain 
below. Let «o be the first index for which the entry = 0. Formula (j6.7p shows that the first zq x zq block 
of OgT^_^ is that of a finite dimensional orbit of the upper bidiagonal group of matrices of size io x iq and 
that the coadjoint action preserves this block. Let ii be the next index for which v\_i^i^ = 0. Again by (j6.7p 
it follows that there is an ii x i\ block of OgT^,^ that is preserved by the coadjoint action and that is equal to 
a finite dimensional orbit of the upper bidiagonal group of matrices of size ii x ii. Continuing in this fashion 
we arrive either at an infinite sequence of orbits of finite dimensional upper bidiagonal groups (in the case 
that there is an infinity of indices is such that v\,i^i^ = 0, s £ N U {0}) or to a generic infinite dimensional 
orbit of GL°^2 (if there are only finitely many indices Zg, s = 0, 1, . . . , r, such that vi^i^i^ = 0). In the latter 
case, the last infinite block is preserved by the coadjoint action and we are in the generic case of an orbit 
of GL^2 but on the space complementary to the r + 1 finite dimensional blocks of sizes io x zq, ir x v. 
Thus, decomposing the orbit as described, the problem of classification of the general GL^ 2~'^oa.diomt orbit 
is reduced to the finite dimensional case and to the generic infinite dimensional case. 

(v) One can restrict the Hamiltonians if''^ given by (|5.30p to /1qj._]^ but these functions are not in 
involution because the inclusion of /I q f^_^ in L\_ is not Poisson. Indeed, as recalled in fj2l the inclusion 
would be Poisson if and only if the kernel of its dual map is an ideal in which is easily seen to be false 
unless fc = 2, in which case we have 

00 

(/f2oXj(q,p) (6.36) 

i=0 

and 

^00 00 

JT2(q,p) := (/2^''oXJ(q,p) = - J] + ^ ^^f,,,e2('-+-''') . (6.37) 

i=0 1=0 

The function H2 is, up to a renormalization of constants, the Hamiltonian of the semi-infinite Toda lattice. 
The first integral ' o J^,^ is the total momentum of the system which generates the translation action given 
by the subgroup E+I. All integrals /f o J'^^ , Z e N, give the full Toda lattice hierarchy on £°° xt; see 311 

These considerations justify the name of Flaschka map for the momentum map jTi/j : x £^ ^ 
I — L\_ 2- In the next section we will present a momentum map from the weak symplectic manifold 
(^^ca\k-i ^ ^^I'j'' 1^ endowed with a weak magnetic symplectic structure, to the Banach Lie-Poisson space 
L_ J,. This momentum map can be considered, as we shall SG6, cLS 9- natural generalization of the Flaschka 
map to the system of integrals in involution (|5.30p for k > 2. 
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7 The Flaschka map for (i^)^'^ x {f)'"' 



In this section we construct a GL5^j.-equivariant momentum map : (£°°)'^ ^ x ^ L\ ^ (see (|7.9p ) 

which can be interpreted as a generahzation of the Flaschka map (|6.25|) defined for the bidiagonal case. We 
also construct a weak symplectic form fife on x (^-'^) ^ (see (I7.14p ) which has a non-canonical term 

responsible for the interaction of the Toda system with some kind of an external "field" . We shall illustrate 
the hierarchy of dynamical systems obtained in this way by studying the special case A; = 3 in detail (see 
(I7.23p ). The simpler case k = 2 does not add anything new since one recovers by the symplectic induction 
method the original semi-infinite Toda system studied in the previous section. 

We shall apply the induction method discussed in 5j3]to the weak symplectic manifold (P, uj) ~ {£°° x£^,uj) 
with uj given by ()3.3p . the Banach Lie group G := {GL^ f^, o^) defined in ()4.3ip . and the Banach Lie subgroup 
H :— GI^Q consisting of invertible bidiagonal elements of the form ()6.3p . As will be seen, the abstract 
constructions presented in fJH] become completely explicit in this case. 

We begin by listing the objects involved in this construction. The Banach Lie algebra is g := L^f. = 
®iZoL°°, the subalgebra is [) := /^o,fc-i = -^0° and its closed split complement is f)-"- := ©*ir{^i°° =: 

(-^^o,fc-i)^- I'^'^^l preduals we have = L^_,^ = ®i=-k+i-^i^ ^* — ^-,Q.k-i — ^o® ^-k+i^ 

its closed split complement f)^ = (B~}_k+2-^i ~'- i-^- o fc-i)^- have hence the Banach space direct sums 

and 

Ll.k = I'-fl^k-i © ai,o,fc-i)^- (7.2) 
Thus any p £ L\ j, uniquely decomposes as p = 7 -|- 7^, where 7 = po + {S'^)'^~^ pk-i £ ^1 fc-i ^^'^ 
j-^ = S'^pi + . . . {S'^)''~^ pk-2 & {I-^o,k-i)^ ■ Let us show that the splitting (|7.ip is invariant relative to 
the restriction of the adjoint action Ad"'"'*' of the Banach Lie group GL°^ to the Lie subgroup GI^q 
Clearly the factor I^q is preserved because it is the Lie algebra of G/^q . To see that the second factor 
{I+o fc-i)^ is also preserved, using ()6.5p . it suffices to show that for any h = ho + hk-iS'^^^ E G/^o.fc-i 
and any xiS + ■ ■ ■ + Xk~2S^~'^ G (/^q wc have 

{kd+'%Xx^S + ...Xk^2S''-^) 

= (/lo + hk-iS'^-^) ofc {xiS +■■■ + Xk-2S''-^) ofc (/i-i - h-^hk-is''-\h-^)S''-^) 

= hos{h^^)x^S +■■■ + hos''-^ih^^)xk-2S''-^ (7.3) 

which is a straightforward verification. 

Next we show that the splitting (|7.2p is invariant relative to the restriction of the coadjoint action (Ad^''^)* 
of GL^ J, to the Lie subgroup GI^q First, by (|6.7p the G/^q coadjoint action preserves the predual 
/I Q Second, to show that the second factor (/i q k-i)^ is also preserved, one verifies directly, using 
(E^j), that for any h ^ ho + hk-iS^'^ G G/^o.fc-i and S'^ pi + ■■■ + {S'^f-'^Pk-2 £ (^l,o,fc-i)^ have 

{Ad+^'')U{S^p^ + --- + {S^f-^Pk-2) 

= S^s{ho)h^^pi + ■■■ + iS^)''-^s''-\ho)h^'pk-2- (7.4) 

According to the general theory we shall take the weak symplectic manifolds GL^j. x Ll_ j, and £°° x i^, 
the canonical action cr''''-^ : GI^q x x £°° x defined in (|6.26p . and its equivariant momentum 

map : £°° X £^ ^ ^ ^. -^ given by (|6.25p (see Proposition 16. 2p . We fix in all considerations below an 

element i^k-i G L^. By p.l4p . the Banach Lie group G/^q acts on the product {£°° x £^) x GL'^^. x ^. 

by 

h ■ ((q, p), g, p) (cr^"-- (q, p), g h-\ {kd+'%-,p) , 

where h G G/^q^_]^, g G GL^^, (QjP) G x £^ , and p G L\ ^. This action admits the equivariant 
momentum map p.lSp . which in this case becomes 

((q,p),<?,7 + 7^) e (^°^ X £^) X GL^^, x {l'^,o,k^, © il'-,o,k^i)^) 
I — > (q, p) - 7 e i-,o,k-i- 
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The zero level set of this momentum map is a smooth manifold, G-^^q ^_j-equivariantly diffeomorphic to 
GL'^^. X {£°° X £'^) X (/I o,fe-i)"'") tlie action on the target being 

/^•(5,q,P,7^) := (q Ok (q, p), (Ad+''=)*_^ 7^) • 

The symplectically induced space is hence the fiber bundle 

GL-fe Xg7~„_,_, {e^ xi'x (/i,o,fc-i)^) ^ GL-,/GJ-o,,_i 

associated to the principal bundle GL^j. GL'^i./GI'^^q^j^_-^. 

We begin by explicitly determining the base of this bundle, li g = go + ■ ■ ■ + gk-iS^~^ G GL'^^. and 
h = ho + hk-iS''-^ G G7~o _i then 

5 ofe /i-i = (go + • • • + .9fe-i^'-') ofc (V^ - V'/ife-i''^'"'(V')'5'-') 

+ {gk-is^-\h^^) - goK^hk-is''-\h^^)) S^-\ 

Therefore, the smooth map GL°^f. — > (f"")*^"^ given by 

GL-fe 9 50 + • • • + Qk-iS'^-' ^ (50 + • • • + ofc (5o"' - go'9k-is''-\ho')S''-') 

= I + gis{go')S + ■■■+ .%-2s'=-'(5o"')^'"' 
^ (ffi5(5o-'),...,flfc-2s'=-'(5o"')) e 

factors through the GI^q j,_i-action thus inducing a smooth map GL^ j^/GI^q Its inverse 

is the smooth map 

(qi, . . . ,qfe_2) e i£n'~^ ^ [I + qi5 + • • • + qfc_25'=-'] € GL~,/G7-o,fe-i 

which proves that GL^ f./GI'^^ is diffeomorphic to 
Next, we shall prove that the smooth map 

$ : X £i) X {£^t-^ X ^ GL-, xg7^„_^_, (^°° x x (/l,o,fe-i)^) 

given by 

^ ((q, p), qi, • • • , qfe-2, pi, • • • , Pfc-2) 

:= [(I + qi5 + • ■ • + qfe_25'=-^ (q, p), S^pi + • • • + 

is a diffeomorphism thereby trivializing the associated bundle, which is the reduced space. Indeed, this map 
has a smooth inverse given by 

^"M [(50 + • • • + (q, p), 7^)] ) 

where, in the third component of the right hand side we have identified (/i q fc-i)"*" with {(})'^~'^ through 
the isomorphisms L]. = 

The GL^;^.-action on the reduced manifold GL'^^. xgi^„ (£°^ x £^ x (/I o,/c-i)^) given by g' ■ 
[g, (q,P),7-^] = W °k g, (q,p),7-^] for any g',g € GL'^,^, (q,p) G £°° x £\ and 7-^ e (/l^o,fe-i)"^- Via the 
globally trivializing diffeomorphism the induced GL^ ^-action on {£°° x £^) x (^°o)'=~2 x (^^)'^~^ has the 
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expression 



(.90 H ^gk-iS ) ■ ((q,p),qi, . . . ,qfc-2,Pi, ■ ■ • ,Pfe-2) 

= ((50 + ---+5fc-l<5''"^) •$((q, p),qi,...,qfe_2,Pl,...,Pfc-2)) 
= $-1 ((50 + . . . + ^fc^i^'^-l) . [(I + qi5 + • • • + qfc-2^''-', (q, p), 

5V + --- + (5^f-'p,-2)]) 
= ( [((.go + • • • + fffc-l^''"') ofc (I + qi5 + ■ • • + qfe-2^''"'), (q, p), 



k-2 / I 



fk-2 



= 1 \i=0 



^ 1=0 / 

+ - ' 



9o+(Et,?<?fc-i-.s'=-i-'(q.))s'= 



.l(q> P): 



fc-2 



1=0 i=0 

s(5o)5o"\---,s'''"^(ffoW^ , 



where the equahty in the last fc — 2 components follows from (17. 4p . Let us summarize the considera- 
tions above. Using (|6.26p and denoting ((q', p'), q'^, . . . , q'^_2' Pi' • ■ • ' Pfc-2) (ffo + • • • + • 
((q^ P)i qi: • • ■ J qfc-2, Pi, • • ■ , Pfc-2), we conclude that the Gi^Jj^jr.-action on the reduced manifold x x 



[l^f-'^ X {t)^ ^ is given by 



q' = q + loggo 

/fc-2 



(7.5) 



P' = P+ ( E-9''^-i-**'' ' '(q») 1 3o '^fc-ie 



fc-i- 



''"-'(q)-q 



^fc-2 



qj = ^(ffo ^)Ef'-**' *(q') 

4=0 

Pi = s'(ffo)5o"^Pi, / = fc-2. 



(7.6) 

(7.7) 
(7.8) 



All geometric objects described above satisfy the assumptions of Propositions 13.41 and 13.51 and thus one has 
the weak symplectic form flk and the momentum map 3k '■ x x (£°°)'^~^ x (^^) L\_ f, given by 

p.l6p and (|3.18p . respectively. By (|4.5ip . takes the form 

Jfc ((q, p),qi, • . .qfc-2,pi,- ■ •Pfc-2) 

Ad+^^'l * ( J,,_, (q, p) + 5^pi + • . • + (5^)^-2p,_2) 



Ad 



' (I[+qiS+---+qfc_2S''-2)- 

+(5^)^-Vfc.ie^'"(<i)-'i 



^ (p + 5V + --- + (^^)'"'Pfc-2 



(7.9) 



where the inverse (I + qiS'+- • • + qfc-2'S''^ ^) ^ is given by (|4.36p . We shall call the generalized Flaschka 
map. 
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In order to obtain the explicit expression of the weak symplectic form flk (see (17.14^ ') on the induced 
symplectic manifold {£°° x x (^1°°^''^'^ x (^^)'^ ^, let us notice that the symplectic form ui + ujl on 
(^°° X ^1) X GL^j^ X Ll j^ is given by 

UJ + ujL = -d (Tr(pdq) + Tr(pg-i dg)) , (7.10) 

where g^^ o^. dg is the left Maurer-Cartan form on the Banach Lie group GL^f.. One has the following 
decomposition 

9 := Tr{pg-' dg) = Tr ( ^ | (7.11) 



for p = po + S'^pi + • • • + (5^)*^- Vfc-i e Llj^ with 



^/i,(.g)s^(d(7,_,), ; = 0,l,...,fc-l. 



1=0 

The diagonal operators hi are the components of g~^ = ho + hiS + ■ • • + hk-iS^^^ given by (|4.36p . Let 
be the pull back of 9 to the zero level set of the momentum map p.lSp . Next, we pull back the form 9 to 
(£°° x£i) X {I'^f-^ X by the global section E : {l^xt) x {I'^f"'^ x [tf'"^ ^L^^f^ x {l^ x ^i) x 

iI-.o,k-i)^ defined by 

S((q, p), qi, . . . qfc-2, Pi, • ■ ■ , Pfe-2) 

:= (I + qi5, + • • • + qfe-2^''"', (q, p), 5^Pi + • • • + (S^)''-^Pk-2) ■ 

Therefore, we get 

/fe-2 \ 
-.1=1 



i:*9 := Tr(pdq) + Tr (q, p))^9o] + Tr (( (q, p))^_^ 9k-i) + Tr ( ^ pi9i 

Cfe-2 i-1 \ 
Y^PlJ2h^{<ll, . . . ,<l,)s\d<li.,)\ 
1 = 1 1=0 / 

+ TrU._ie^'"(i)-i^/i,(qi,...,q,)sXdqfc-i-.)) , (7-12) 



i=l 



since 6*0 = 0, where /ii(qi, . . . , q^) is given by (|4.36p with 50 = (1, 1, ■ . ■ ), ffi = Qi,---, g/c-2 = qfc-2 , 
5fc_i = (0,0, . . .). Since TtS = Trs^(5) for any <5 G and j G N, by (|4T0l) the last summand in ((7T2)) 
becomes 



fc-2 

1=1 



(i^fc_ie'^'"(i)-i/i,(qi, . . . , q,)) (^I - J^Prj dqfc-i- 
^'Tr [s- (z/fc_ie^'°"(i)-'i/i,(qi, . . . ,q,)) dqfe_i_ 



fc-2 



because 



s^ ((5) ^ for all (5 G and j G N. 

r=0 



Similarly, the second summand in (|7.12p equals 

fe-2 l-l 



i = l 1=0 
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so that (|7.12p becomes 



fc-2 //-I 



= Tr(pdq) + 51 Tr ^ I' {pM^U • • • , Q.)) dq,_. 



+ 5' 



fc-2 



TV(pdq) + ^ 



/fe-2-i 



1=0 



+ (z.fc_ie^'°"(i)-i/i,(qi, . . . , q,)) j dq. 



Then the reduced symplectic form is 



(7.13) 



(7.14) 



Indeed, a straightforward verification shows that — dS*0 satisfies the condition cliaracterizing the reduced 
symplectic form, so it must be equal to it. Note that the one-form Y,*9 depends on the chosen section E, but 
that if E is any other global section, then dY,*d — dE*6' — fifc. In particular, the reduced symplectic form 
ilk is in this case exact. Note also that the symplectic form ftk is canonical only if fc = 2 and magnetic only 
if fc = 3, a case that we shall analyze in detail below. In general, if fc > 3, the weak symplectic form flk is 
neither canonical nor magnetic due to the presence of the pj -dependent coefficients of dq; in the first sum 
of the second term. 

S k 

To deal with the Hamiltonian systems defined by the function ' we need to regard the momentum map 
Jfc as having values in Lg j,. This is achieved by defining the equivariant momentum map := ^s,-,k o Jf '■ 

{l^ X e) X X [ef^'' L\^, where $s,-,fc : {•, {•, - js^fc) is the isomorphism 

of Banach Lie-Poisson spaces introduced at the end of SJH Recall that the effect of ^s-,k on an element 
in L\ is adding to it the transpose of its strictly lower triangular part. Since is a Poisson map and 

the functions /, 



S,fc 



are in involution on L^g follows that 



S,fc 



o are also in involution on the weak 



symplectic manifold 
vector fields. 



X t) X {t'^ f^^ X 



^ , fi/j ) provided that these functions admit Hamiltonian 



The case k 



2. In this case we have /i q i 



LL 2 ^-nd GI^Q I = GL°^2- As we discussed earlier, the 



induction method yields in this case the original weak symplectic manifold (^£° 
the standard semi-infinite Toda lattice. 



This is the case of 



The case fc = 3. This is the first situation that goes beyond the Toda lattice. The Banach Lie group 
G := (GL^3,03) consists of bounded operators having only three upper diagonals, while the operators in 
GI^Q 2 hf^ve non-zero entries only on the main and the second strictly upper diagonal. The induced space 
is now {e°° X X {£°° x £^). The GL^g-action on {£°° x £^) x (£°° x £^) is given, according to ([73]) - JT^ 

by 



log 50 



q'l 
P'l 



s{9o)ga^Pi, 1^1,.. 



.9is(qi).9crV2e^('i)-i) 



,fc-2. 



(7.15) 

(7.16) 

(7.17) 
(7.18) 



The reduced symplectic form on {£°° x £^) x {£°° x £^) is, according to (|436)) . (fTTS)) . and ((7TT4| . equal to 
- -d [Tr (pdq) + Tr (pidqO - Tr (i.2e^''''^^>is(dqi)) 
= -d [Tr (pdq) + Tr ((pi - I (i^se^'^'i^-'iqi)) dqi) 

= -d[Tr(pdq) + Tr(pidqi], (7.19) 
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where 

Pi :=Pi -S(i^2e^'('i)-'iqi) . (7.20) 

We see here exactly the same phenomenon as in classical electrodynamics, where a momentum shift by the 
magnetic potential transforms the non-canonical magnetic symplectic form to the canonical one. 
The equivariant momentum map (|7.9p of this action is by (14.511) and (|7.20[) equal to 



J3(q,p,qi,Pi) = {Ad+'%^^^^^_, {p + S^p, + {S^)'^2e' 

= P + qiPl - S (qipi + s(qi)z^2e''('>)~''qi) + (i^2e''''')"''qis(qi)^ 

+ (pi + s(qi)z.2e^'('i)-i ~ S (^.2e^'^''^->i)) + {S^f i^2e^'^''^~^ 
= P + qiPi - S (qipi) - S (1^26"' ("'^^'iqi) qi + .5^ (i^2e''('')"''qi) 5(qi) 

+ (pi + s(qi)^2e^'('>)-'> - S (^26^' (''^-^i)) + {S^Y v^e^'^^^-^ 
= p + qipi - ~s (qipi) + (pi + s{ci^)v2e'"^^^-^) + {S^f v^e'"^'^'^-^ (7.21) 

since the inverse of I + qiS* in the Banach Lie group GL^^ is equal to (I + qi5)^^ = I — qiS* + qis(qi)5^ £ 

The Hamiltonians if'^ given by (|5.30p are in involution on Lg 3 and hence the functions if'^ o are in 
involution on ((£°° x x (^°° x , ^3), provided that they have Hamiltonian vector fields relative to the 
weak symplectic form fia. 

For I = 1,2, the Hamiltonians Hi := I^'^ o j| and H2 := /^''^ o have the expressions 

i?i(q,p,qi,Pi)=Tr(p) (7.22) 

and 

^^2(q,P,qi,Pi) iTr[p + qipi -S(qipi)]VTr(pi + s(qi)i/2e"'^'i)"'i)^ 

+ Tr(^y2e''('^^~'^)^ (7.23) 

The Hamiltonian system defined by H2 describes a semi-infinite family of particles in an external field (given 
by the magnetic term of the symplectic form (|7.14p ) and where the interaction is between every second 
neighbor. In the case of the Toda lattice (obtained for k — 2, as discussed above), there is no external 
field and the interaction is between nearest neighbors. The solution of the semi-infinite Toda lattice will be 
given in SJS] For arbitrary k there is an external field and interaction of particles is between every (fc — l)st 
neighbor. 

We have given here only the first two Hamiltonians of an infinite family of functions in involution. 

s 3 

Involutivity follows because they are obtained from a family of integrals in involution, namely the ' by 
pull back with the Poisson map Jf . 



8 The semi-infinite Toda lattice 

In this section we illustrate the theory of the fc-diagonal Hamiltonian systems by the detailed investigation 
of the semi-infinite Toda lattice which is an example of a bidiagonal system (see Remark (v) at the end of 
Sjni)- We shall follow the method of orthogonal polynomials first proposed in [3], as far as we know. We 
shall extend below the results in [T7] for the finite Toda lattice by explicitly solving the the semi-infinite 
Toda lattice both in action-angle variables as well as giving all the flows of the full hierarchy in the original 
variables. 

The family of Hamiltonians I^'^ G C°°{Lg 2), ^ G leads to the chain of Hamilton equations 

|-p=[p,i?,], where Bi := {p^) - {P^ ip^)f , (8.1) 
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on the Banach Lie-Poisson space (-^5 21 {'i '}s.2) (or on the space {L^_ 2,{','}2) isomorphic to it) induced 
from (|5.2ip by the inclusion ls,2 ■ 2 ^ ^s- 

The selfadjoint trace class operator p € Lg 2 '^^ ^^'^ orthonormal basis {|fc)}^o of H as follows: 

p\k) ^ pk-i.k\k - I) + Pkk\k) + Pk,k+i\k + 1), (8.2) 

where A; G N U {0} and we set p_i.o = 0. 

Note that if p is replaced hy p' := cp + 61, where &, c G M, c ^ 0, then the equations (|8.ip remain 
unchanged by rescaling the time t[ := c^Hi. As will be explained later, the norm ||p||oo and the positivity 
p > are preserved by the evolution defined by (jS.ip . Taking into account the above facts, we can assume, 
without loss of generality, that ||p||oo < 1 and p > 0. Consequently, from now on we shall work with generic 
initial conditions p(0) for the Hamiltonian system ()8.ip . i.e., 

A™(0)^A„(0), for n^m (8.3) 

A„i(0) > and sup„,gNu{o}{Am(0)} < 1, (8.4) 

where Am(0) are the eigenvalues of p(0). This means that p(0) has simple spectrum, p(0) > 0, and ||p(0)||oo < 
1. These hypotheses imply that pk,k+i{0) > for all A: G N U {0} and are consistent with the physical 
interpretation of the semi-infinite Toda system. Let us denote by f2L 2 <^ 2 open set consisting of 
operators satisfying (|8.3p and (|8.4p . 
From ((8?2)) . it follows that 

\k)=Pk{p)\0), (8.5) 

where the the polynomials Pfe(A) G M[A], /c G N U {0}, are obtained by solving the three term recurrence 
equation 

AFfc(A) = pk-i,kPk-iW + PkkPk{\) + Pk±+iPk+i{\) (8.6) 

with initial condition -Po(A) = 1. Note that the degree of Pk{X) is k. 

We show now that that the operator p G Lg 2 evolving according to (|8.ip also has simple spectrum 
independent of all times t;. To do this, we write the spectral resolution 



m— m— 

where 



P=Y1 = ^ P™ = I, (8.7) 

Am) (Am I „s 

^m -■= I . , (8.8) 
\Am l^m/ 

are the projectors on the one-dimensional eigenspaces spanned by the eigenvector |A„j). From (|8.ip one 
obtains 



^Afe ) P„Pfc + (A„ - Xk) 



(8.9) 



for any n, fc G N U {0} and I G N. Putting n = /c in one finds 

J-A„=0 (8.10) 
dti 

for any n G N U {0} and I G N. Thus A™ = Am(0) ^ A„ for n^m and we can conclude that the coefficients 
in 

00 

|A™) = ^Pi(Am)|0 (8.11) 

are the values P;(A,„) at the eigenvalue A„j of the polynomials P;(A) which are orthogonal relative to the 
L^-scalar product given by the measure a in (|8.15p . 

Taking n ^ fc in (|8.9p and using properties of orthogonal projectors one obtains 

d 

— P„ = [P„,S/] for any n G N U {0} and « G N. (8.12) 
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Similarly, for the resolvent 

oo ^ 

i?A := (p-AI)-i = V T rP™ (8.13) 

by ([5?T^ one has 

m— 

Note that (|8.5p implies that the vector |0} is cyclic for p. Thus, one has a unitary isomorphism of Ti with 
I/^(M, dcr), where the measure 

oo 

da{\) d(0|PAO) = ^ ^l^S{\ - X,n)dX, (8.15) 

m=0 

is given by the orthogonal resolution of the unity P : K 3 A Pa G L°°{Ti,) for 

p = [ AfffA. 



The masses fi„i in (|8.15p are given by 

oo 

fi;^'^{Xm\Xm)=Y.{Pl{Xm)f. (8.16) 



1=0 



Using Pm|0) = fJ'mlXm) and — (0|PmO), one obtains from (|8.12p the differential equation 

= 2(A„|B/0}Ai™ = 2 (Aj„ - (0|p'0)) (8.17) 

at/ 

for any I S N and m G N U {0}. In order to prove the second equality in ()8.17p we notice that 

Bi = p'-P,rip')-2[P^ip')f (8.18) 

[P~(p')]'^|0) = (8.19) 
Po-(p')lO) = (0|P„°°(p')0)|0) = (OIp'o) |0) (8.20) 

which implies 

{Xra\BiO)^Xl-{0\p'0). (8.21) 

Using (I8.17P and noticing that 

ak = (OIp'-^O) (8.22) 

one obtains the system of equations 

d 

-rrr'^k = 2 {at+i - cricrk) , (8.23) 
oil 

where ctq = 1, /s G N U {0}, I G N, for the moments 

~ oo 

ak= X''d<j(X) = A^,Mm (8.24) 

711 = 

of the measure (IS.lSp . Let us remark here that in the considered case the moment problem is determined, 
i.e., the moments ak determine the measure (|8.15l) in a unique way (see, e.g. [3]). 

Let us comment on the formulas obtained above. Introduce the diagonal trace class operators A, /x, <t G Lq 
by defining their m"^ components to be the eigenvalues A™, the masses ^m, and the moments am, m G NU{0}, 
respectively. On the open subset Q}_ 2 one has three naturally defined smooth coordinate systems: 

(i) p G nl^^, 

(ii) (A, jjb) E L\ X Lq, where Tr/x = 1 and /x > 0, 
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(iii) cr E Lq with first component ao — 1, cr > 0, and dg > 0, 
where dp := J2'kLo'^ok\k){k\, and 



det 







0-2 


0-3 




CTl 




0-3 


0-4 


■ ffc+i 






0-4 




crfe+2 


CT3 


(74 




(76 


■ O'fe+3 






<^k+2 




0'2fc 



>o, 



(8.25) 



with the convention that c?o.-i = 1- In order to see that cr G we notice that 

oo oo oo oo 

^ (7, = 5](0|p'=0) < ^ < ^ llpf = — 

fc=o /c=0 fc=0 fc=0 

We also define di := J2kLo d'ik\k){k\, where 



1-||P|| 



< +00. 



dik ■— det 



CTO 


CTl 


0-2 


CT3 




CTfe+1 


CTl 


CT2 


0-3 


a4 


CTfc 


O'fc+2 


0-2 


0-3 




0-5 




O'fc+3 


0-3 


CT4 


0-5 


CT6 


O-fe+2 


O'fc+4 




CTfc+l 


O'fc+2 


O'fc+3 • 


f2fc_l 


CT2fc+l 



.26) 



for n e NU {0}. 

The transformation from p-coordinates to cr-coordinates is given by formula (|8.22p . The inverse trans- 
formation to (|8.22p has the form 



•5 pi + Pa + PiS 



[S(do)s(do)]'/' do-i + do-Mi - .5(do-Mi) + [5(do)s(do)]'/' d^^S., 



1/2, 



or, in components (see, e.g., 0), 



Pkk — d.Qk'^lk — c?o.fc-i^i^fc- 



and 



Pk,k+l — (c^O,fc-l'^0,fc+l)^^'^ ^Ofc ^■ 



.27) 



(8.28) 



Formula (I8.24|) gives the transformation from (A, /x)-coordinates to cr-coordinates. The inverse transfor- 
mation to (|8.24p is obtained by expanding the so-called Weyl function (0|i?;^0} in a Laurent series 



(0|i?AO) = £ 



An 



A 



E 



(8.29) 



for |A| > sup„gpjy|Q}{|Am|} = IIpIIoo- So, one finds (A, /x) by computing the Mittag-LefBer decomposition of 
the left hand side of 

The passage from p-coordinates to (A, /x)-coordinates is obtained by composing the previously described 
transformations. This can also be done directly constructing the spectral resolution for p. 
After these remarks we present Hamilton's equations (|8.ip in the coordinates (A, /x) 



|-A = {A,/f^^},2 = 

d_ 
dti 



M = {m, /f •2}s,2 = 2 (a' - Tr(AV)) M 



or, in components, 



^ A 



d 



and = 2 [ AJ„ - ^ A^Ai„ 



(8.30) 

(8.31) 

(8.32) 
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and in the coordinates cr 



— <T = {<T,/f-^} = 2(,s'H-aK 



(8.33) 



whose coordinate expression was aheady given in (|8.23p . In deducing equations (I8.30p , (I8.3ip , and (|8.33p we 
used and ^jK^ . 

Let us observe now that (|8.23p imphes that 



dak _ 9o£ 
dti dtk 

for fc, Z S N. Thus there exists a function t(<i, t2, . . .) of infinitely many variables (^1,^2, • • • 
that 

1 d 

2 dtk 

In order to be consistent with the notation assumed in the theory of integrable systems (see, e.g. [TOl 119) ). 
we have called this function r-function. 

Substituting (|8.35p into (|8.23p we obtain the system of linear partial differential equations 



(8.34) 
t e such 
(8.35) 



dtidtk 



dtk 



k,liEN, 



k+l 



(8.36) 



on the T-function. 

In order to find the explicit form of the r-function, use (|8.24p . substitute l|8.35p into (|8.32p . and integrate 
both sides of the resulting equation to get 



IJ-m{tl,t2, . . . , ti, + . . .) 



,, (, i i n i \ T{ti,t2, ■ ■ . ,^;-i,0,t;+i, . . .) ^2Xlti 

/^m(ii,r2, • • ■ ,r;-i,0,t;+i, . . .) , — — re " 

T[ti,t2, . . . , t;-i, I;, . . .) 



Iterating (|8.37p relative to ? G N yields the final formula for fJ,m{ti, t2, ■ ■ ■), namely 

,t(o,o, ...,)^2 2:~iA;,,t, 



I^m{tl,t2, 



Aim(0, 0, 



T{tl,t2, . . .) 

Since J2m=o Mt?i(^i, ^2, . . .) = 1, we get the following expression for the r-function 



(8.37) 



(8.38) 



r(ti,i2,...) = ^(0,0,...) J2 M™(0,0,...)e2^"i 



AL ti 



m— 



(8.39) 



Let us show that the series in (|8.39p is convergent if /x(0) E Lq = £^ and t G £°°. In order to do this we 
prove that the linear operator defined by 



(At)™ ■■^J2^'ntl 



is bounded on £°° . This follows from 



jAtlloo = sup 

meN 



1=1 



1=1 



< ||t||oo sup 



1=1 

IIpIIoo 



= l|t||oo sup — = ||t||oo_, II II . 

Thus the sequence {e^^^^ ^'^*'}meN & Since {^,„(0,0, . . .)}meN G i^, the series in (|8.39p converges. 

Summarizing, we see that the substitution of (|8.39p into (|8.35p and (|8.37p gives the t := {ti,t2,-..)- 
dependence of the moments crfc(t) and the masses /Um(t), respectively. The dependence of /3fefe(t) and pk,k+i{'t) 
on t is given by (|8.27p . (|8.25p . and (|8.26p which express these quantities in terms of iTm(t). From the discussion 
above we see that the conditions (18. 3p . (|8.4p are preserved by the t-evolution. 
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Next, using (|8.35p . (|8.38p . and the formula 



P-n (Am) 



: dot 



(JQ (7i Gi 

CTi (T2 0-3 

a-2 0-3 0-4 

1 A„ 



Cn+l 
O'n+2 



A" 



(8.40) 



obtained by orthonormalizing the monomials A", n G N U {0}, with respect to the measure a (see, e.g., [3]), 
we obtain from (j8.11|l the t-dependence of the eigenvectors |Am(t)) and the corresponding projectors Pm(t), 
m e NU {0}. 

Formula (|8.1ip defines the operator O : 7i ^ 7i whose matrix in the basis {|fc)}^Q is given by Ofci(t) := 
Pi(t)(Afc). One has the following identities 

p(t)0(t) = 0(t)A(t) (8.41) 

0(t)/x(t)0(t)^ I (8.42) 

relating the operators p(t), A(t), /x(t), and 0(t) for any t. Since A(t) = A(0), where := (0,0,...), we 
obtain from fCT)) and 

p(t) = O(t)O(0)-V(0) (O(t)O(0)-i)"' = Z(t)^p(0)Z(t), (8.43) 
where Z(t) := O(0)/x(0)i/2 (0(t)/x(t)i/2)^ is an orthonormal operator, i.e., Z(t)'^Z(t) = I. As shown in [g] 
and ^ one can express the flows t ^ p(t) through the coadjoint action ^Ad'^''^^ : ^ Aut (i^ 2) of 

the bidiagonal group GL°^2 on the Banach Lie-Poisson space ^5 2 — ^- 2j i-^-j 

p(t)= (Ad^'2)* p(0) 

= 5^s(5o(t)).9o(t)-Vi(0) +Po(0) +go(t)-^ffi(t)pi(0) ^ S {go{t)-'gi{t)p,{0)) 
+ s(3o(t))go(t)-Vi(0)5 



,gi+i,4+i(t) 



z + l)(i| 



i=0 



.9m (t) 

E(p.(0)+a.,r(0) ^^^^^ 



3i+i,i+i(t) 



i=0 



.9m (t) 



z>(* + l| 



(8.44) 

30 := (500,511, ■ • •), 



(the symmetric version of (j6.7p ). where po := diag(/9oo, Pii, . . ■),Pi := diag(poi, P12, 
and gi := (510,521, • ■ ■) ^ -^o- 

In order to find the time dependence t i— > g(t) — go{t) + gi{t)S for g{t) e GL°^2 Ist us note that from 
and the three term recurrence relation (|8.6p it follows that 

/300(t) • • • /9fc-l,fc-l(t) 



5/c/c(t) = 500 (t) 



/300(0) ■ • • Pk-lM-l{0) 



dofc(0)do,fc-i(t) 



(8.45) 



and 



5fc+i,fc(t) = 5oo(t) 



Poo(t) • • •Pfe-l,fc-l(t) ^ f Poo (t) -I h /Ofcfc(t) - /Ooo(O) pfcfc(O) 

pfefc(O) 



500 (t) 



500 (t) 



\Poo(0) • ■ ■ Pk-i.k-i{0) J V 
Ffe+i,fe(0)Ffe+i,fe+i(t) - Ffc+i,fc(t)Pfc+i,fc+i(0) 



Pfefe(t)PfcH 



i,fc+i 



(t) 



dik{t)y^do^k+i{0) - difc(0)v/rfo,fc+i(t) 
A/(io/c(0)dofe(t)(io,fe-i(t)(io,fe+i(0) 



(8.46) 
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where Pki{t) are the coefScients of the polynomial P„(t)(A) — P„„(t)A" + P„.„_i(t)A" ^ + ■ • • + P„i(t)A + 
P„o(t). The last equalities in (|Ki5)) and ((O^ are obtained using ((O^ . and to get the 

expressions 



Pfcfc(t) = W— 1 — — T— and Pfc+i,fc(t) - 



dok{t) ' ^dofc(t)do,fc+i(t)' 

Recall that (io(t) and (ii(t) are given by (|8.25p and (|8.26p . respectively. 

Finally, taking in (|6.26p (for k — 2) go{t) and .gi(t) given by (|8.45p and (|8.46p . we obtain the explicit 
expression for the time evolution of the position q(t) and the momentum p(t) for all flows in the Toda 
hierarchy described by the Hamiltonians 

Hi{q,p) f/f''o J,^) (q,p), 



where J^-^ : £^ x ^ LL 2 2 ^he Flaschka map given by (|6.25p for fc = 2 and if '^ — if o 15 2 = 

Ii o Ls o t5 2 are the restrictions to Lg ^ of tti^ Casimir functions /; of (see (IS-BOI) ). 

Note that the formulas giving the group element ^(t) depend on goo(t). This first component cannot 

be determined but it does not matter because 1700 (t)I is in the center of and hence the coadjoint 

action defined by it is trivial. Also, in terms of the variables q and p, the action of this group element is a 

s 2 

translation in q and has no effect on p. This corresponds to the flow of /j^ ' . 

To solve the Toda system one takes an initial condition p(0) which determines a coadjoint orbit of 
in ^5 2- These coadjoint orbits were studied in detail in Sj6l In the generic case, when all entries on the 
strictly upper (and hence also strictly lower) diagonal of p{0) are strictly positive, the solution of the Toda 
lattice was given above. If some upper diagonal entries of p(0) vanish. Remark (iv) at the end of fJBldescribes 
such orbits as blocks, some of them finite and at most one infinite. Then the Toda lattice equations decouple 
and we get a smaller Toda system for each block. On the infinite block, the solution is as above. On each 
finite block one obtains a finite dimensional Toda lattice whose solution is known (see, e.g., [l2 l [T7| , fT9 l l23j). 
The method we used above for the semi-infinite case can be also used in the finite case; one works then with 
measures a having finite support and uses finite orthogonal polynomials. If one implements the solution 
method described in this section to this finite dimensional case the results in |17| are reproduced. 
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